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Feedback-induced destabilization of a laser diode using wavelets
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We analyze the feedback-induced destabilization process of a single-mode laser diode with the wavelet
transform(WT). We consider transients following an abrupt switch on of the feedback, for feedback levels
strong enough so that the final state of operation of the laser is the coherence-collapsed state. The transient
regime involves multiscale interactions that exhibit strong localization in both frequency and time, and we
demonstrate that by using the WT we can characterize the transient dynamics and capture the essential features
associated with the destabilization process in a relatively simple @&050-2947@7)00905-0

PACS numbg(s): 42.55.Px, 05.45:b, 42.65.Sf

I. INTRODUCTION collapsed state, using the wavelet transfdkfr).
The WT has recently emerged as an important mathemati-

It is well known that the optical feedback coming from an cal framework to deal with nonstationary signgls-9]. Both
external mirror may destabilize a laser diode and cause it t&ourier transform(FT) and WT can be viewed as a rotation
switch from a state of coherent emissigvith a linewidth of  from the time domain to a different domain. For the FT the
a few MH2, to the so-called coherence collapsed statehasis functions are sines and cosines, while for the WT the
(which has a linewidth of several GhzEven though the pasjs functions are more complicated functions called wave-
phenomenon has attracted a lot of attention over the past feyyis. A wavelet is a smooth and rapidly vanishing oscillating
years (see, e.g.[1] and references therginvery little is  fynction with a good localization both in frequency and in
known about the destabilization process itself, and the studyme. Because of the multiresolution analysis that performs,
of the transient regime to the coherence-collapsed state is ghe WT is highly suitable to the analysis of data series con-
relevance since in coherent optical communications systemgining pulses or short-lived events, since it avoids averaging
the lasers are commonly subjected to unwanted reflectiongnem when examining large sections of the data.
The behavior of a single-mode laser diode with optical feed- The transient dynamics to the coherence collapsed state
bgck has bgen phenomenologically classified into distinct repss two very different time scaléthe relaxation period and
gimes, ranging from weak to strong feedbd@k For very  the time delayand also has time-localized evefitise jumps
low feedback levels the external cavity just perturbs the lasepetween the attractors introduced by the EOM®ur pur-
mode(regime ), but for higher feedback levels it introduces pose is to show that the WT is an excellent technique for the
a_ series of new modegcalled external cavity modes sydy of the transient regime of the laser, which has not, to
(ECM’s)] which have optical frequencies that are shifted  oyr knowledge, been applied before. It permits us to deter-
with respect to the emission frequency of the solitary lasefmine which frequencies appear in the transient regime of the
wo. In regime |l the laser shows noise-induced mode hopiaser and to study how their energy distribution evolves in
ping between the ECM’s. The rate of mode hopping de+time. Also, from the wavelet coefficients we can calculate

creases for increasing feedback, and in regime Il the lasehe information cost functioiCF) [8] and quantify the in-
operates in the dominant mode, which is the minimum linerease of the disorder in the transient regime.

width mode[3]. For increasing feedback levels it has been  This paper is organized as follows. In Sec. Il we describe
demonstrated that the ECM’s undergo a quasiperiodic routghe theoretical model employed and the main characteristics
to chaos, and that the two frequencies that appear in the rouf the dynamics of the laser in the coherence-collapsed re-
are the relaxation oscillation frequency of the solitary Iasergime_ Section Il presents the results of applying the wavelet
fro, and the external cavity frequendy,=1/7 (7=Led/2C  transform to the dynamics. The time series of the output
being the round-trip time in the external cavity of length jntensity and the phase delay in the external cavity are ana-

Lex) [4,5]. In regime IV coherence collapse arises and thqyzed. Finally, Sec. IV contains our conclusions.
laser switches between the chaotic attractors introduced by

the ECM’'s[6]. These attractors have mean optical frequen-
cies that are shifted with respect te,, and sincef,, and
foxt @appear in the route of all the modes, the power spectra of
the stationary output of the laser will show peaks at the har- We have numerically simulated the dynamics based in the
monics off,, and f., either if the laser is operating in a Lang-Kobayashi moddl10]. The equations are the usual la-
single attractor or if it is switching between several attrac-ser equations plus a time-delayed term that takes into ac-
tors. For even stronger feedback, single-mode narrow linesount the field reflected from the external mirror. Writing the
width operation is achieved agafregime \). intracavity complex field aE(t) exdiwgt+ ¢(t)], wherewy is

In this paper we study the transient regime from the cothe laser frequency in the absence of feedback, the equations
herent emission state of the solitary laser to the coherenoead

IIl. THEORETICAL MODEL
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FIG. 1. Simulated time evolution df) nor-
malized intensity andb) phase delay(c) Time
evolution of the ICF, calculated by sliding a 512-
data-set window along the series &ft).

I

F

L
‘

|
mJ )(v)

(vi ix)

(%)

('Tm’z

0.0

W

)

\”M

2 70
t/ ns})

dE(t) 1 1
T (G——p)E(t)+'yE(t—T)CO$:A(t)+wOT]
R
T VEQD)” D
dop(t) «a 1\ E(t—7)
dt E(G_T_p)_ E(t) ‘ySIf’[A(t)-FwOT] (2)
dN(t) N(t)
—ar =J— = —GE(t)2. ®)

In these equationsl(t) is the carrier density inside the
active region, and the modulus of the electric fi&lt) is
normalized such that(t)=VE(t)? is the total photon num-
ber in the laser waveguide, wheXeis the volume of the
active region.z is the carrier lifetime, is the photon life-
time, andr=2L/c is the round-trip time of the light in the
external cavity of lengthLgy. A(t)=¢(t) — ¢(t—7) is the

90 100 110 120 130 140 150 160 170

lations the initial conditions were set accordingly to the
steady state of the solitary laser, andtin0 the feedback
was switched on. The calculations were carried out for
an external cavity of 1.5 m#=10 n9 and a bias current
100% above threshold. The feedback parameteis the

free parameter of our study. The laser parameters are as
in Ref. [13]. 7,=1 ns, 7,=1.4 ps, wOT 6 rad, Gy

—8 3910 Bmd sl Ng=1.23x10%m 3, e=2x10"%*

m®, a=4.4,V=1.2x 10716 m? , andR=1.1x10'?s™ L. For
these parameterfs,=6.65 GHz andf,,=0.1 GHz.

Figure Xa) shows the time evolution of the normalized
light intensityl (t)/14 (Iso being the intensity of the solitary
lasep, and Fig. 1b) shows the time evolution of the phase
delay in the external cavityA(t)= ¢(t)— ¢(t—17), for
v=4.8 GHz. Since the instantaneous optical frequency is
w=dg¢/dt, A(t)/r is the value ofw averaged a round-trip
time.

We know from Ref.[13] that for y=4.8 GHz the final
state of operation is the coherence-collapsed regime. In Ref.

phase delay in the external cavity. The optical gain ig[13] the laser visibility(which is the modulus of the autocor-

G=Gy(N—Np)(1— €E?), whereGy is the modal gain co-
efficient, Ny the carrier density at transparency, andhe

relation function of the complex electric figldras computed
based in the Lang-Kobayashi model, and a good agreement

gain saturation coefficienty is the feedback parameter that with the experimentally measured visibility was foutalr
measures the intensity of the light reflected from the externgbarameters correspond to those of Fig)%bf [13]).

mirror. « is the linewidth enhancement factar,is the cur-
rent density in carrier per unit volume and unit time, &b
the rate of spontaneous emission into the lasing mode.

In Fig. 1(a) the jumps between the chaotic attractors in-
troduced by the ECM’s cannot be resolved, and at the end of
the transient the light intensity is observed to fluctuate seem-

The Lang-Kobayashi model is valid for weak to moder-ingly randomly. However, Fig.(b) demonstrates that during
ated feedback levelsegimes |-\ since the equations con- the first 60 ns the laser remains in the vicinity of the solitary
tain a single time-delayed term that takes into account théaser mode, but at abot#=60 ns a transition occurs and the
field fed back into the laser cavity.e., multiple reflections laser jumps to another modgotice the shift in the value of
are neglected The spectral and stability properties, and theA which reveals that the laser jumps to an ECM that has
onset of coherence collapse, have been accurately repra> wg). Fort>60 ns the laser jumps randomly between the
duced by this mod€l11-13. chaotic attractors originated from the ECM.

The equations were integrated with a fourth-order Runge- During the destabilization process the laser undergoes in-
Kutta method with a time incremedt=0.01 ns. The delay tervals of regular oscillations followed by drops of irregular
term of Egs. 1 and 2 requires that the valuesE¢f) and  oscillations. Initially the oscillations are the undamped relax-
¢(t) in a round-trip time are stored in memory and re-ation oscillations and the drops occur with a period almost
used in the next round-trip interval. In our numerical simu-equal tor. The time of the first transition and the frequency
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of the jumps depend on the feedback level. Decreasing 80 ‘ ‘ 80 .
increases the time interval in which the laser remains in the ®
solitary laser mode and also increases the time intervals i 60 60
which the laser operates in a single attractor. a0 | 40

20 20

Ill. WAVELET TRANSFORM

Let us now show the results of analyzing the transien 0 4 8 12 16 0 4 8 6

dynamics with the discrete wavelet transfo(@WT).
The DWT of a signalx(t) is a set of coefficientg; y

S . . 0 [0}
called wavelet coefficients, which are obtained by the de _ L ©
composition ofx(t) onto a basis of functiong; , [7]: RN w0

£ A
Ci k=(X(t), ¢ (1)) 4 o

1= (X0, ¥ (D) @ g, .
The functionsy; , are obtained from dilations and transla- 2 | L !
tions of a single functiony called the analyzing wavelet. In 120 10 o a0 o 0 a2 20
this work we have chosen a culiespline wavelet basiéo Frequency (GHz) Frequency (GHz)

see how these wavelets look like in the time and frequency
domains see, e.g., Fig. 1 of R¢fl4]). We have used the FIG. 2. Normalized scalograms @8 |(t)/lsq and (b) A(t).
Mallat algorithm[7] to compute nearly 2/ wavelet coeffi- ~ Simulated power spectra of the stationary signal&pf(t)/I s, and
cients for eactj=—1,...,—|InN|. (d) A(Y).

Discrete wavelet analysis breaks down a signal into suc-
cessive logarithmic frequency bands. The time series shown The normalized scalogram of the time series Aoft)
in Fig. 1 consists ofN=16 384 data points sampled with [shown in Fig. 2b)]is clearly different. Although the wave-
At=0.01 ns. Therefore, the WT decomposes the signal intdet bandsj=—3 andj=—4 carry some energy, the major
15 wavelet bands, the bajek — 1 represents the signal fre- part of it is concentrated in the low wavelet barjes— 10

quency band 25-50 GHj,=—2 the band 12.5-25 GHz, (they represent the signal frequencfesfe,=0.1 GH2. As
j=—3 the band 6.25-12.5 GHz, etc. we will show below, the differences between the two scalo-

Since the wavelet basis is orthonormal, grams originate in the jumps between ECM'’s, which are
clearly distinguished in the time evolution A{t) while they
cannot be resolved in the time evolutionlIgt)/I.,. Notice

2 2
(x(t) W; ; |Cj,k| ' ®)  thatin the power spectra of the stationary sigriat®own in
Figs. 4c) and 2Zd)] one can recognize the same phenom-

tra of A(t) than in the spectra df(t)/l .
5 By sliding a 512-data-set window along the time series of
GJ:Ek‘« [t (6) A(t), we can study the time evolution of the energy distri-
bution in the wavelet bands. Also, from the time evolution of
The normalized scalogram; is the percentile of energy of 7j We can calculate the information cost functid€F or
the levelj, i.e., F\c) [8], which is the information associated with the energy
distribution in the wavelet bands, i.e.,

77'26'/2 €. (7)
: ] ] : FIC:_E 7TJ|n7TJ (8)

Clearly, in the normalized scalogram of the time series of

[(t)/1s [shown in Fig. 2a)] the major part of the energy is Since the normalized scalogram can be thought as a prob-
in the wavelet band = — 3 (this is the band that contains ability distribution, the ICF is an easy to calculate entropy-
f.o). The rest of the energy is in the neighboring banddike function that quantifies the degree of disorder of the

j=—4 andj=—2. transient dynamics. The time evolution af; is shown in
80 T T T e T e peae i
60 - + + + + -+ + +
&40 - T T T
2 ﬂ T H T M T h T " H T H ﬂ T 1, H FIG. 3. Time evolution of the energy distribu-
L o 0 e L 0 e 7o A s tion, calculated from the time series of FigbL
60 T T T T T T T ] The labels of the figures correspond to the labels
&40 T T T T T T T ] in the Fig. 1c).
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12— e - increases with respect to the value in the first stage, indicat-
6 W‘j ing a more chaotic dynamics
0 .
@ 0 Ll ol il
1.0 t - + + + } } + } } g + + T
wos| IV. CONCLUSIONS
il e e WWW LI H In conclusion, we have shown that wavelet analysis is a

0.2
0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150

i powerful technique to study the destabilization process of a

sf T W‘H single-mode laser diode with optical feedback. We found an
<0 -_-F_FH_WM . oscillatory approach to the coherence-collapsed state which
10 b e consi§t§ _of two stages. In the first stage the laser rgma_ins in
K o6 . o | the vicinity of the solitary laser mpde, an_d the oscillations
02; ey W{j W m are initially 'Fhe u'ndamped relaxation pscnlatlons. The'WT
0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 shows that in this stage the energy is concentrated in the
2 Dy wavelet band that contairfg,. As time passes the energy is
. g MWHW slowly transferred toward the neighboring wavelet bands, in-
-6 T dicating that new frequencies appear in the dynamics.
L In the second stage of the evolution the laser jumps be-
5 06 : H ‘: | tween the chaotic attractors introduced by the ECM'’s, and
0p It | | e, W ; the WT shows that at the time of the jump there is a brusque

0 1020 30 40 50 60 70 80 90 100 110 120 130 140 150 energy transference to the very low wavelet bands. This phe-

S ) T ] nomenon is reminiscent of the low frequency fluctuations
< gmw N o (LFF’s) that occur when the laser subjected to moderate
ol IR S ‘ o PR feedback is biased near threshold. In this case the time evo-
w — ‘ 1 lution of the light intensity exhibits intermittent drops which
5ost m ‘ - ol . ) ; :
T HE 1 ‘ in the frequency domain manifest themselves as LFF's at
02 0" 50 20 50 60 70 80 90 100110120130 140 150 frequencies less thafn,/10. The LFF’s have been attributed
(ns) in the literature to a number of possible causes. Our results

seem to be consistent with previous studi@sl5,1q that
FIG. 4. Time evolution of the phase deldyand the ICF coef- suggest that the LFF’'s are caused by a switching between
ficient, for four increasing feedback level®), (b) y=3.15 GHz;  destabilized ECM'’s.
(0), (d) y=3.50 GHz;(e), (f) y=3.85 GHz;(qg), (h) y=4.80 GHz. It was also demonstrated that the information associated
with the energy distribution in the wavelet band€F) is a

Fig. 3, while the corresponding time evolution of the ICF is 9ood way of quantifying the degree of disorder in the tran-
shown in Fig. 1c). In the first stage of the transient dynamics Sient dynamics. We found that in the first stage of the evo-
(when the laser remains in the vicinity of the solitary laserlution the ICF is approximately constant, although it shows
mode, the energy is concentrated in two wavelet bandgluctuaﬂons that indicate that dUring the destabilization pro-
(j=—3 andj=—4). Figures 8)—3(vi) correspond to this Cess the laser undergoes intervals of regular and irregular
period. This result trivially indicates that initially the oscil- Pehavior. In the second stage of the evolution the ICF shows
lations are the typical relaxation oscillations. In the secondarge fluctuations; it increases at the time of the jump, and it
stage of the transient dynamics, when the laser jumps paélecreases in the time intervals when the laser operates in a
tween the attractors originating from the ECM’s, the energysingle state. Nevertheless, the mean value of the ICF in-
is distributed into a larger number of wavelet bands, indicatcreases with respect to the first stage, indicating a more cha-
ing that more frequencies became involved in the dynamicstic dynamics.
At the time of the transition from one attractor to another ~The Lang-Kobayashi model is an approximate model,
there is an abrupt energy transference to the low Wave|eﬁince it supposes that the field is uniform inside the laser
bands Figs. 3vii), 3(viii ), 3(ix), 3(xi), 3(xiv), and 3xvi) are cavity, that the forward and backward fields are equal, and
calculated in time intervals in which a transition ocdurs ~ that the grating and transverse effects can be neglected.
In Fig. 4 we show the time series af(t) and the corre- Therefore, one might expe_ct that the transient dynamics ana-
sponding time evolution of the ICF coefficient, for four in- lyzed here may be very different from a real transient ob-
creasing feedback levels, all above the onset of coherendained experimentally with a real diode. However, this model
collapse(they correspond to the feedback levels employed ifh@s been successfully applied to the study of the transient
Fig. 4 of Ref.[13] to reproduce the observed laser visibjlity dynamics of the lasefsee, e.g., Re{17]) and therefore we
Figure 4 demonstrates that the ICF provides a good me@XpeCt our results be QUIte general in the transient reg|me to
sure of the degree of disorder of the transient dynamics. Nocoherence collapse.
tice that before the first jumfwhen the laser remains in the
vicinity of the solitary laser modethe ICF is approximately
constant, although it suffers fluctuations that correspond to
the bursts of irregular oscillations. In the second stage of the This work was partially supported by the Project No. 47
transient dynamics the ICF suffers important fluctuations; itof the BID-CONICyT, the Comision Sectorial de Investiga-
increases when a jump occurs, and it decreases when tlo@on Cientifica(CSIO), the PEDECIBA(Uruguay, and the
laser operates in a single attractor. However, its mean valueONICET (Argenting.
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