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Abstract

The goal of this thesis is to investigate the influence of current modulation in the dynamics

of the low-frequency fluctuations (LFF) regime induced by optical feedback in semiconduc-

tor lasers. In this regime the laser output exhibits apparently random and sudden dropouts

that, in some statistical properties, are similar to excitable neuronal spikes. Long time series

containing tens of thousands of LFF dropouts were experimentally acquired and simulated,

using the Lang and Kobayashi model, under different conditions. By detecting the individual

dropouts, the intensity time series were transformed in series of inter-spike intervals (ISI).

We then analyzed the ISI sequences by using a symbolic method of analysis capable of un-

veil serial correlations in data sets, known as ordinal symbolic analysis. Our findings reveal

the existence of a hierarchical and clustered organization of ordinal patterns in the ISI series.

When the laser is subject to periodical external forcing, through modulation of the injec-

tion current, we identify clear changes in the dynamics as the increase of the modulation am-

plitude induces deterministic-like behavior in the system. When the modulation frequency

is varied, the change in the statistics of the various symbols is empirically shown to be related

to specific changes in the ISI distribution, which arise due to different noisy phase-locking

regimes.

We also investigated how the spike rate is affected by the modulation, for different pa-

rameters that determine the natural (without modulation) spike rate. When the intrinsic

spike dynamics is slow, fast modulation can produce faster spikes. When the intrinsic dy-

namics is already fast, modulation cannot induce much faster spikes. Similar effects were

observed in the spike correlations: we found that higher natural spike rates wash out the

effects of the modulation in the spike correlations. Simulations of the Lang and Kobayashi

model are shown to be in good agreement with the experimental observations.

The results reported in this thesis may be important to the use of semiconductor lasers

as optical spiking neurons in information processing networks inspired by biological ones,

and more generally, to the analysis of serial correlations in spiking excitable systems. Future
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work may include investigations of how correlations that encode an external signal spread

in a small network of semiconductor lasers.



Resumen

El objetivo de esta tesis es investigar la influencia de la modulación de corriente sobre la

dinámica de los láseres semiconductores con realimentación óptica en el regimen de fluc-

tuaciones de baja frequencia (low-frequency fluctuations, o LFF) . En este regimen la intensi-

dad de la salida del láser muestra caídas abruptas y aparentemente aleatorias que son sim-

ilares, en algunas propiedades estadísticas, a los spikes neuronales excitables. Largas series

temporales, que contienen decenas de estas caídas, fuerón adquiridas experimentalmente y

simuladas usando el modelo de Lang y Kobayashi, bajo diferentes condiciones. Al detectar

las caid́as individuales, las series temporales son transformadas en series de intervalos entre

caídas (inter-spike intervals, o ISI). Seguidamente, se analizan las secuencias de ISI medi-

ante el uso de un método de análisis simbólico, conocidos como análisis simbólico ordinal,

capaz de revelar correlaciones seriales en los conjuntos de datos. Nuestros resultados reve-

lan la existencia de una organización jerárquica y agrupada de los patrones ordinales en las

series de ISI.

Cuando el láser está sujeto a forzamiento externo periódico, a través de la modulación

de la corriente de inyección, identificamos cambios claros en la dinámica. El aumento de la

amplitud de modulación induce comportamiento determinista en el sistema. Cuando la fre-

cuencia de modulación es variada, se muestra empíricamente el cambio en las estadísticas

de los distintos símbolos, que está relacionado a los cambios específicos en la distribución

de los ISI. Estos cambios surgen debido a diferentes regímenes ruidosos en el bloqueo en

fase.

También se investigó cómo la frecuencia de aparicion de las caídas se ve afectada por la

modulación, para los diferentes parámetros que determinan la frecuencia natural (sin mod-

ulación) de las caídas. Cuando la dinámica intrínseca de las caídas es lenta, la modulación

rápida puede producir caídas más rápidas. Cuando la intrínseca dinámica ya es rápida, la

modulación no puede inducir caídas mucho más rápidas. Efectos similares fueron obser-

vados en las correlaciones de las caídas: encontramos que mayores tasas de las caídas nat-

ix
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urales acaban con los efectos de la modulación en las correlaciones. Las simulaciones de

lo modelo de Lang y Kobayashi se muestran estar en buen acuerdo con las observaciones

experimentales.

Los resultados presentados en esta tesis pueden ser importantes para el uso de láseres

semiconductores por ejemplo como neuronas ópticas en redes de procesamiento de infor-

mación, inspiradas en las redes de neuronas biológicas, y más generalmente, para el análisis

de las correlaciones seriales en sistemas excitables. El trabajo futuro podría incluir la investi-

gación de cómo correlaciones que codifican una señal externa se propagan en una pequeña

red de láseres semiconductores.
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Chapter

1
Introduction

In this first introductory chapter we review concepts about semiconductor lasers and their

dynamics necessary for understanding the results presented in this thesis. Semiconductor

lasers basics are addressed in section 1.1. Section 1.2 presents general aspects of the dy-

namics of semiconductor lasers subject to optical feedback. In section 1.3 we focus on the

particular remarkable regime induced by optical feedback that we will analyze in this thesis,

the low-frequency fluctuations. Section 1.4 presents the main tool of time-series analysis

employed in this thesis, ordinal symbolic analysis.

1.1 Semiconductor Lasers

1.1.1 Historical Background

The familiar word ‘laser’ is an acronym. It stands for “light amplification by stimulated

emission of radiation”. The physical mechanism of stimulated emission was proposed by

Einstein in 1917 [1], and, before the laser, it was exploited in another device, the maser

(microwave amplification by stimulated emission of radiation), for which theoretical de-

scription was presented by Basov and Prokhorov in 1952, and published in 1954 [2]. The first

operational maser was build by Gordon, Zeiger and Townes still in 1954 [3] and the work-

ing principles of the laser were proposed in a seminal theoretical paper by Schawlow and

Townes in 1958 [4].

Before the experimental realization of the laser it was already recognized that such device

would represent a major scientific and technological breakthrough. In 1960 T. H. Maiman [5]

1



build the first laser, a pulsed rubi laser. This laser was called an optical maser, becoming the

word laser more often used only after 1965. Continuous wave operation was achieved just

one year after Maiman’s device, by Javan et al. [6] with a He-Ne gas laser, soon followed by

continuous operation of three solid state devices [7–9]. The two years that followed the first

rubi laser saw an intense and fruitful search for novel laser media.

The possibility of achieving stimulated emission in semiconductors by the recombina-

tion of carriers injected in a p-n junction was first suggested by Basov et al. in 1961 [10]. A

p-n junction is formed when a type p semiconductor and a type n semiconductor are put in

contact. In the following year three laboratories, independently, produced the first semicon-

ductor lasers [11–14]. The performance of those first devices was limited to pulsed operation

under cryogenic temperatures. This would change in 1969 with the implementation of the

suggestion, already made in 1963 [15], that one layer of semiconductor material should be

inserted between two layers of another semiconductor material with larger bandgap, to form

an heterostructure laser [16–18].

The progress after 1962 was slower because of a few reasons. The main one is that a new

semiconductor technology was necessary, given that it was not possible to make semicon-

ductor lasers from silicon, material for which a developed manufacture technology already

existed. The lasers required direct bandgap materials, and composite semiconductors were

not so well understood by the time. The introduction of heterostructures by the end of the

decade of 1960 decreased significantly the threshold currents and improved the confinement

both of photons and carriers in the gain region, allowing the continuous wave operation at

room temperature in 1970 [19, 20].

There were two factors that mainly contributed to the transformation from laboratory

devices operating at cryogenic temperatures into practical continuous wave, room temper-

ature, optoelectronic devices [21]. The first one was the amazing lattice matching between

Al As and Ga As, that allowed heterostructures formed by layers made with different com-

positions of AlxGa1−x As to be grown. The second was the vast number of optoelectronic

applications for which semiconductor lasers were uniquely appropriate, for being the small-

est, the most efficient and the ones with longest lifetime among all existing lasers of the time.

These characteristics and the potential for applications have drawn to the field of semicon-

ductor lasers the resources necessary to their development.
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Among the applications that most motivated research in semiconductor lasers there is

fiber optical communications, for which the fact that one can modulate optical power by

modulating the injection current is particularly advantageous. InGa AsP/InP lasers emit-

ting at 1.3 µm, where absorption in silica fibers is minimum, and at 1.55 µm, where disper-

sion in the fibers is minimum, were obtained in the decade of 1970. Laser amplifiers had to

be developed to address the demand for repeaters, the use of underwater communication

lines led to improvement on the reliability of the devices and frequency multiplexing led to

novel laser designs for frequency stability.

Other applications where also important in semiconductor lasers development. Optical

memory applications (audio and data discs) have generated a large demand that helped in

reducing laser cost. Other important applications of semiconductor lasers include: high

power lasers for welding and cutting in industry; diverse devices in consumer electronics;

laser detection and ranging (LIDAR) and gas tracing; medical and dentistry applications in

diagnostics and therapy; military and safety systems applications.

1.1.2 Edge-Emitting Semiconductor Lasers

Lasers, in general, are constituted by: a gain medium where the stimulated emissions take

place so the incident radiation is amplified; an external energy source that produce and

maintain the population inversion in the gain medium (pumping), so stimulated emission

can occur in a rate high enough to overcome all the possible losses in the system; and an os-

cillation cavity that provides optical feedback and confines electromagnetic radiation in well

defined modes. What defines a semiconductor laser is the use of a semiconductor material

as gain medium.

Semiconductor laser designs can be classified by different criteria: pumping mechanism,

the direction of propagation of the amplified optical field relative to the plane of the p-n

junction, mechanisms for confining photons and carriers in the active region, cavity design,

etc. Here we will review some properties of the type of semiconductor laser used in the

experiments reported in this thesis: the edge-emitting diode laser with Fabry-Perot cavity.

A diode laser, or injection laser, is a semiconductor laser for which the excitation of the

gain medium is obtained by injecting electric current through the p-n junction. Although

this is by far the most used method of excitation, to the point that semiconductor laser in

general means diode laser, various other methods have been demonstrated [22].

3



Edge-emitting refers to the fact that light is emitted through the edges of the laser struc-

ture: the optical axis is parallel to the plane of the p-n junction (see Fig. 1.1). In contrast,

VCSELs (Vertical Cavity Surface Emitting Lasers) are semiconductor lasers where the light

being amplified propagate perpendicular to the junction plane, allowing for a great reduc-

tion of the size of the active layer and the size of the laser cavity.

There are three main types of cavity for edge-emitting lasers. A Fabry-Pérot (FP) resonant

cavity simply consists in two cleaved end facets. Distributed feedbacks (DFBs) have a peri-

odic structure in the active region, and distributed Bragg reflectors (DBRs) a grating in the

refractive index outside the active region. DFB and DBR structures select a single longitudi-

nal mode with a frequency directly related with the periodicity of the structure.

In what follows we describe the type of semiconductor laser used in our experiments, the

FP edge-emitting diode laser.

Physical Structure

The essence of a diode laser is its p-n junction. If a diode laser has a p-n junction formed by

the same semiconductor, it is called a homostructure laser. If two semiconductors are used

in the diode, we have a heterostructure laser. In general a heterostructure laser has in the

active region a certain doped semiconductor inserted between two layers of a different semi-

conductor with larger bandgap and smaller refraction index, one of the layers p-doped and

another n-doped. This is a double heterostructure diode laser (see Fig. 1.1). The bandgap

difference between the different semiconductors create energy barriers at the junction in-

terfaces, and these energy barriers confine the carriers in the active region (Fig. 1.2a). The

difference in the refraction index confine the optical mode in the active region, acting as

a dielectric waveguide (Fig. 1.2b). As discussed before, the better confinement of photons

and carriers provided by double heterostructures allowed to significant decrease of thresh-

old currents that permitted continuous wave, room temperature operation in 1970 [19, 20].

In the diode laser schematically shown in Fig. 1.1 the lateral confinement of the carriers

is due to a stripe-like contact in the central region, that limits the region where the current

is conducted and, therefore, the gain region in the junction. This technique is called gain

confinement. In this scheme, the optical mode is easily confined by the lateral variation of

the optical gain to a region near the electric pumping stripe. Lasers with this kind of lateral

4



Figure 1.1: Double heteroestructure edge-emitting diode laser. From [23].

Figure 1.2: Double heteroestructure: (a) energy of carriers. Ec ,Ev : conduction and valence

band energy levels, respectively; ∆Ec ,∆Ev : energy barriers for the holes at the interface of

the n-cladding layer and the active layer, and energy barrier for the electrons at the interface

of the p-cladding layer and the active layer, respectively. (b) Light is confined in the active

region due to the differences of refractive index. From [24].

confinement are called gain guided. The lateral confinement of the optical mode in the gain

region can also be obtained by lateral variations of the refraction index, and lasers that use

this kind of confinement are called index guided lasers.

If a laser has an active layer of thickness much larger than the de Broglie wavelength of

5



the electron, for example, around 0.1 µm, carriers can be treated as classical particles. If the

thickness is reduced to about 10 nm, or less, the quantum nature of the carriers as matter

waves appears significantly. The active layer and the surrounding layers form then a narrow

potential well where electrons and holes are confined. These lasers are called quantum well

lasers. Because of the strong confinement there is an increase in the effective band-gap en-

ergy and a modification of the density-of-states function to a step-like function, and conse-

quently, a gain spectrum and polarization dependence different from those of ordinary het-

erostructures appear [25, 26]. By appropriate design of quantum wells and optimization of

waveguide structure, remarkable developments were achieved in the extension of the lasing

wavelength region, reduction of the threshold current, enhancement of modulation band-

width, noise reduction and improvement of spectral purity.

Operation Principles

In the active layer of a diode laser stimulated recombination of electrons whose energies

are in the bottom of the conduction band and holes whose energies are in the top of the

valence band takes place. When the p-n junction is formed, the quasi-Fermi levels of n- an

p-doped semiconductors are not immediately equal because they are in non-equilibrium.

The electrons in the n side diffuse to the p side, and the opposite occur for the holes. The

diffusing electrons and hole recombine in the junction region. After a steady state is reached,

the Fermi level is continuous across the p-n junction as shown in Fig. 1.3a.

When a forward bias is applied through the p-n junction by an external voltage, the built-

in electric field is reduced, making possible a further diffusion of electrons and holes across

the junction, as shown in Fig. 1.3b. In a narrow depletion region electrons and holes are

present simultaneously and can recombine, radiatively or not. For radiative recombination,

photons of energy hν≈ Eg are emitted, being Eg the energy of the gap between conduction

and valence bands. Those photons, however, can be also re-absorbed in an inverse pro-

cess, generating electron-hole pairs. When the external voltage exceeds a critical value the

population inversion is reached and the emission rate of photons overcomes the absorption

rate. The p-n junction is able to amplify electromagnetic radiation, for wavelengths such

that λ≈ hc/Eg , and exhibits optical gain.

6



Figure 1.3: Electron energy and occupation perpendicular to the p-n junction. (a) Without

an applied voltage. (b) With a forward biased applied voltage. µ, constant Fermi level across

the junction in equilibrium. µe , Fermi level for electrons, µh Fermi level for holes. From [21].

Fabry-Pérot Cavity and Beam Characteristics

As mentioned before, the lasers used in this thesis have Fabry-Pérot (FP) cavities formed

by the cleaved facets of the semiconductor crystal. As a semiconductor material has a high

refractive index for the emitted wavelengths (n ≈ 3.5), a cleaved facet in air has a typical

reflectivity in the range 25%–35%. This reflectivity is low if compared with mirrors used in

other lasers, but due to the high gain in the semiconductor material it is not an issue. FP

lasers emit equally from both ends, but they are commonly used with a total-reflection coat-

ing in one of the facets, so the total laser power is emitted from the uncoated facet. Lasers

with FP cavities (usually referred to as edge-emitting lasers, EELs) typically emit in multiple

longitudinal modes with mode spacing given by:

∆ν=
c

2ng L
, (1.1)

where ng is the group refracting index for the emitted frequency, L is the cavity lenght

and c is the speed of light. The predominant mode is the one for which the gain is larger. The

7



gain curve is given by the energy gap of the semiconductor material. Besides the longitudinal

modes, there are also the transversal/lateral modes. Usually the optical confinement is such

that the cavity supports only one transversal/lateral mode.

Because the lateral area has small dimensions as compared with the longitudinal ones,

the output beam of an edge-emitting laser diode diverges strongly in both directions, but

with different angles. A lens of small focal length is generally used to collimate the output

beam.

Rate Equations

Figure 1.4: Schematic representation of a diode laser. Adapted from [27].

Figure 1.4 schematically illustrates the input-output behavior of a diode laser. A current

I flows into the active region. The supplied carriers recombine spontaneously or produce

optical gain by stimulated recombination. As a consequence, there is a photon density in

the active region. Some of the photons are lost, and some are emitted by the laser and this

gives the optical output power.

Considering the diagram above and the balance between current, carrier density and

photon density, two phenomenological rate equations that govern the time dependence of

the carrier density and the photon density can be written [28]. First, we treat the equation

for the carrier density. The carriers are supplied by a current I into the volume of the active

8



region V . Some of the carriers recombine spontaneously, with a life-time τN . Others carri-

ers recombine by stimulated recombination, described by the gain factor G and the photon

density, S. The temporal dependence of the carrier density N is then given by

d N

d t
=

I

qV
−GS −

N

τN
. (1.2)

At the moment we assume a linear net gain per unit time G(N ) = a(N −N0), being a the

differential gain factor and N0 the transparency value of the carrier density. The temporal

dependence of the photon density is described by

dS

d t
=GS −

S

τp
+βsp

N

τN
. (1.3)

In the right side of equation 1.3 the first term refers to the stimulated recombination. For

each stimulated recombination there is one more photon in the active region, and this is

the same term that appears in the rate equation for the carrier density with opposite sign.

Same photons are lost, and this is described by the photon life-time τp . The last term refers

to the spontaneous emission. A fraction βsp of all spontaneous recombinations supply one

photon to the oscillating mode. Equations 1.2 and 1.3 constitute a set of nonlinear, coupled

differential equations.

Re-defining S and N as adimensional variables, equations 1.2 and 1.3 can be re-written

in a normalized form, useful when doing simulations:

d N

d t
=

1

τN
(I −N −N S) (1.4)

dS

d t
=

1

τp
(N −1)S +βsp . (1.5)

Despite their simplicity, neglecting gain-saturation effects and other sources of nonlin-

earity, the above rate equations are able to reproduce many general characteristics of the

dynamics of semiconductor lasers.
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Relaxation Oscillations

Because the carrier density increases at a finite rate when the laser is turned on, a delay in

the steady operation of the laser is unavoidable. The nonlinear coupling between photons

and carriers results in transient oscillations referred to as relaxation oscillations (RO) [28],

that play important role in diode lasers dynamics.

Figure 1.5: Relaxation oscillations that follow a diode laser turning on, obtained by integra-

tion of equations 1.5 and 1.4. τp = 1 ps, τN = 1 ns, I = 2, βsp = 10−5.

Figure 1.5 shows the behavior of photon density and carrier density when equations 1.5

and 1.4 are integrated over 10 nanoseconds. The frequency of the oscillations can be shown

to depend only of the injection current and photon and carrier lifetimes [28]:

fr =
1

2π

√

I −1

τpτN
. (1.6)

As typical values of τp and τN are around 10−12 s and 10−9 s, respectively, fr values are

about a few GHz, depending on I .

Light-Current Characteristics

As the injection current is increased more carriers are available in the active region for stim-

ulated recombination. The current for which the radiation gain due to stimulated emission
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equal losses is called threshold current (Ith). For I < Ith the output power is mainly due to

spontaneous emission, as shown in Fig. 1.6. For I > Ith the output power increases linearly

with the injection current as Pout = ηD (I − Ith), being ηD the differential efficiency of the

laser. The shape of the curve shown in Fig. 1.6 is typical in diode lasers, and this curve is

known as light-current, or L-I, curve. Ith is measured experimentally as the current where

the function that fits the linear part of the L-I curve intercepts the baseline of the output

power before lasing (see Fig. 1.6).
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Figure 1.6: Experimental L-I curve for one of the diode lasers used in this thesis (Sony

SLD1137VS). Spontaneous emissions dominates the output power before the threshold cur-

rent (Ith = 28.4 mA) is reached, after which the laser starts to lase. Above the threshold the

output power increases linearly with the injection current.

Optical Spectrum

FP diode lasers are in general multimode, but depending on cavity design, injection current

and temperature of operation, single mode emission can be observed. For lower injection

currents the emission is multimode but, as pump current is increased one mode dominates

the emission. Figure 1.7 shows the normalized optical spectra for one of the lasers used

in this thesis (Mitsubishi ML925B45F) for currents below and well above threshold. Well

above threshold (right panel) the emission is almost monomode. Figure 1.8 shows the optical
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spectra of another of the lasers used (Hitachi Laser Diode HL6724MG), for three injection

currents. We can again see that higher currents favor the dominance of one optical mode.

Figure 1.7: Normalized optical spectrum below and well above threshold for one of the FP

diode lasers used in this thesis (Mitsubishi ML925B45F). From J. Tiana-Alsina PhD thesis

[29].

Figure 1.8: Normalized optical spectrum of one of the FP diode lasers used in this thesis

(Hitachi Laser Diode HL6724MG) at three pump currents: (a) 29.10 mA, (b) 29.70 mA, and

(c) 30.30 mA. Nominal wavelength is 675 nm. From A. Aragoneses PhD thesis [30].

Thermal Effects

Changes in temperature affect substantially the behavior of diode lasers. Increase in tem-

perature leads to higher threshold currents [28]. Also, variations in the temperature cause

changes both in the refractive index of the semiconductor material, shifting the cavity modes,

and in the band-gap, shifting the maximum gain wavelength. As the shifting in the cavity
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modes and the change of the center wavelength of the optical gain are not synchronous,

mode-hopping often occur.

Current Modulation, Linewidth Enhancement Factor and Noise

The direct modulation of a diode laser output power through the modulation of its injection

current is an important feature that allows a variety of applications. The direct modulation is

simple, efficient and fast. It can be achieved by superimposing a signal wave in the injection

current.

A small signal modulation can be achieved by superimposing a small sinusoidal current

of frequency fm , to a dc injection current. In this situation the power follows the current

modulation up to frequencies near the relaxation oscillation frequency, with a resonant re-

sponse at fr [28].

Because the refractive index in the active region depends on the carrier density, the mod-

ulation of the carrier density modulates both the power and the refractive index. In conse-

quence current modulation also results in frequency modulation. The ratio of the frequency

modulation index to the power modulation index is proportional to the linewidth enhance-

ment factor, α [31]. This quantity is the ratio of the change in the real part of the refractive

index nr with carrier density to the change in the imaginary part of the refractive index ni

with carrier density. It has typical values of 3–5 and is a crucial parameter determining the

diode laser dynamics [31]:

α≡
dnr /d N

dni /d N
. (1.7)

The electric field (and hence the output power) of a semiconductor laser has fluctua-

tions in amplitude and phase which result in power noise and phase/frequency noise. It can

be shown that [18] the intensity noise and the frequency noise both broaden as the output

power (injection current) increases. The laser linewidth is a Lorentzian with sidebands at the

relaxation oscillation frequency. The linewidth is enhanced by a factor (1+α2) as compared

to the classical Schawlow-Townes linewidth [31].

1.2 Semiconductor Lasers with Optical Feedback

The features that distinguish diode lasers from other types of laser (low finesse of the laser

cavity, small dimensions, the broad gain curve as a function of the wavelength and the α
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factor) conspire to make diode lasers extremely sensitive to the input of external light into

the cavity, specially laser light [32]. This light can be fed back to the laser, purposely or not,

by an external reflector (optical feedback) or injected from another laser (optical injection).

The effects of optical feedback in diode lasers have attracted attention for more than

three decades for being important both for applications and basic research [28, 33]. For ap-

plications optical feedback can be either detrimental or beneficial. In optical data recording

or optical communications systems the performance of diode lasers is substantially affected

by the amount of light fed back from external reflectors such optical disk surfaces and fiber

connectors. The sensitivity of diode lasers to optical feedback can also be used to enhance

spectral characteristics and to provide tunability for simple, cheap FP diode lasers. Exter-

nal cavities using a frequency selective reflector, usually a diffraction grating, reduce the

linewidth, enhance frequency stabilization and permit the continuous tuning of the laser

wavelength over many nanometers [34]. Interferometric applications of optical feedback

in diode lasers were also developed [35–37], allowing measurements of displacement, dis-

tance, vibration and velocity, as well as diode laser diagnostics, through measurements of

linewidth [38] and linewidth enhacement factor, α [39].

From a basic research point of view, optical feedback in diode lasers provide an excel-

lent benchmark for optical nonlinear dynamics and chaos studies. Following the dynamical

classification of lasers by Arecchi et al. [40], diode lasers are class B lasers, and, as we al-

ready have seen in section 1.1, the evolution in time of only two variables determine their

dynamical behavior. A class B system can oscillate, but it cannot present chaotic dynamics

by itself [41]. However, the number of degrees of freedom increase when an external per-

turbation is applied, such optical feedback, and the system can display chaos. But optical

feedback is not only a perturbation. It is a time-delayed one, as a consequence of the fact

that photons need a finite time to complete a round trip through the external cavity. The

re-injection of the ‘past state’ in the system’s present one renders the system infinite dimen-

sional and, thus, opens the door for high-dimensional chaos. The onset of chaos in diode

lasers with optical feedback, regarded as fundamental research in the past decades, serve

now as basis for many applications (see [42] for a very recent review). Optical feedback is

also important for understanding light-matter interactions, testing models and measuring

laser parameters [38, 39].
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1.2.1 Optical Feedback Regimes and Induced Dynamics

Several parameters determine the type of instability induced by optical feedback.

In 1986 Tkach and Chraplyvy (TC) [43] classified experimentally five regimes of opera-

tion, depending on the feedback strength, in terms of both spectral and dynamical proper-

ties of the laser emission. Over the years the TC classification became a standard in later re-

search [28, 33]. If the feedback strength is very small (feedback fraction of the amplitude less

than 0.01%), the linewidth of the laser may become narrow for an adequate relative phase

between the emitted and re-injected light, depending also on the feedback fraction [44], this

is regime I. Regime II is reached with slightly stronger feedback (< 0.1%): external modes

start to play a role and give rise to mode hopping [45]. For an even higher amount of feed-

back (a narrow region around 0.1%), regime III is reached: mode hopping is suppressed and

the laser oscillates with a very narrow linewidth [43]. For regime IV is observed with moder-

ate feedback, (around 1%): the relaxation oscillations become undamped and the linewidth

of the laser is highly broadened. Noise level is enhanced largely and coherence collapse (CC)

is reached [46]. Regime V occurs for strong feedback (> 10%): external cavity takes over and

the laser behaves as if it had a single cavity, resulting in the laser oscillating once more with

much narrower linewidth [47, 48].

Hirota and Suematsu noted in 1979 that different responses could appear depending on

the distance between the laser facet and the external reflector [49]. Regarding the length

of the external cavity, two regimes are in general distinguished: the short cavity regime, if

the feedback delay time is shorter than the relaxation oscillations period (of the order of

hundreds of picoseconds) [50,51] and the long cavity regime, if the delay time is much longer

than the relaxation oscillations period [52].

The operation conditions for all the experiments and simulations presented in this thesis

correspond to moderate feedback (regime IV), and long cavity regime.

The third parameter that strongly affects the dynamics of diode lasers under optical feed-

back is the injection current. Besnard et al. [53] and Heil et al. [54, 55] proposed a different

classification, depending on the pump current, that distinguishes three main behaviors: sta-

tionary regime, low-frequency fluctuation (LFF) regime (see Fig. 1.10) and coherence col-

lapse (CC) regime. The map shown in Fig. 1.9 [54] display the regions where the different
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regimes occur, and regions of co-existence, in the parameter space (injection current, feed-

back strength).

The LFF regime is characterized by sudden power dropouts of the laser intensity. It is

a central subject of this thesis and it will be discussed in more in the section 1.3. As the

injection current is increased, there is a gradual transition from the LFF regime to the CC

regime, the intensity dropouts become more frequent and merge. The CC regime has been

identified as a high-dimensional chaotic dynamics and has been studied by using different

nonlinear analysis tools such as Poincaré sections, Lyapunov exponents and fractal dimen-

sions [56–58].

Figure 1.9: Dynamical regimes of a semiconductor laser subject to optical feedback are de-

picted in the space spanned by feedback strength and injection current. Increasing the in-

jection current along the dotted vertical line from A to B, one can reach every dynamical

regime. From Heil et al. [54].

1.2.2 The Lang and Kobayashi model

In 1980 a milestone paper was published by Lang and Kobayashi, with a theoretical model to

describe the effects of a weak to moderate optical feedback in single-mode diode lasers. The

Lang and Kobayashi (LK) model and its generalizations were (and still are) widely used in the
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literature. Many predictions of the model were confirmed experimentally and its limitations

and properties discussed in numerous works (for example [28,33,59] and references therein).

The LK model represents the light that is fed back to the semiconductor cavity as a time

delayed term added to the optical field rate equation. Equation 1.5 for the photon density

can be re-written in terms of the complex optical field using E(t ) =
p

Se iφ(t ), where E(t ) is

the slowly varying field amplitude and φ(t ) is the phase at time t . Adding the delayed term,

the field rate equation (in adimensional form) is [60]:

dE

d t
=

1

2τp
(1+ iα)(G −1)E +ηE(t −τ)e−iω0τ+

√

2βspξ, (1.8)

where the optical gain is G = N /(1+ǫ|E |2). ǫ is a phenomenological saturation coefficient,

η is the feedback strength, τ is the feedback delay time and ω0τ is the feedback phase. In the

noise term, representing spontaneous emission, βsp is the noise strength and ξ is a complex

Gaussian noise with zero mean and unit variance.

The rate equation for the carrier density (in adimensional form) is:

d N

d t
=

1

τN
(µ−N −G|E |2), (1.9)

where µ for the injection current parameter, that is equal to 1 for the threshold of the

solitary laser. When we study current modulation, µ is a time-dependent parameter of the

carrier density equation, µ=µ0+a sin(2π fmod t ), where a is the modulation amplitude, fmod

is the modulation frequency and µ0 is the DC current.

For the simulations presented in this thesis, typical parameters have been used: are al-

ways the same. Unless stated, we use: ǫ = 0.01, τp = 1.67 ps, τN = 1 ns, βsp = 5×10−5 ns−1,

and α= 4. Other parameters have been adjusted to fit the experimental situation (feedback

strength, delay time) or have been considered control parameters (µ0, a, fmod ).

In chapters 3 and 4 of this thesis equations 1.8 and 1.9 are numerically integrated to sim-

ulate the dynamics of the LFF regime.
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1.3 Low-Frequency Fluctuations

Low-frequency fluctuations (LFF) are sudden, apparently random, dropouts of the laser in-

tensity to a very low value. They are observed when the injection current is close to the

threshold and the laser is subject to moderate/strong feedback (see Fig. 1.9). The dropout

is followed by a slow, step-like recovery of the intensity. As the average frequency of the

dropouts (several MHz) is much slower than the characteristic frequencies of the system,

the frequency of the relaxation oscillations (a few GHz) or the external cavity frequency (hun-

dreds of MHz), the phenomena are called low-frequency fluctuations. The time duration of

the recovery “steps” is the external cavity round trip time [61]. It has been shown that the

dropouts are actually the envelope of fast (tens of picoseconds) pulses, observed for the first

time with a streak camera by Fischer et al. in 1996 [59]. Due to the limited bandwidth of

the detection system, these fast pulses, predicted by the LK model [62], have not been ob-

served in the experiments presented in this thesis. Figure 1.10 displays simulated time series

showing the fast pulsing dynamics (in black) and the same low-pass filtered data (in red)

to simulate the bandwith of the detection system used in the experiments. The results pre-

sented in this thesis deal with the slower dynamics of the dropouts, through the analysis of

inter-spike intervals (ISIs), the time intervals between consecutive dropouts.

1.3.1 LFF characteristics and origin

The LFF average frequency depends on the injection current, external cavity length and the

feedback level. In general, increases linearly with the increase of the injection current. Fig.

1.11 displays, for one of the lasers used in this thesis, time series for three values of the in-

jection current and the average LFF frequency vs. injection current for one of the lasers used

in this thesis. The LFF dropouts became more frequent as the injection current increases. If

the injection current is further increased the dropouts start to merge as the system approach

the fully developed coherence collapse regime. The average frequencies in panel 1.11d were

calculated from series with around 100,000 dropouts. The LFF average frequency also de-

creases linearly with the reflectivity of the external reflector (i.e., with increasing feedback

strength) and with the external cavity round trip time (i.e., with increasing feedback delay

time) [61, 63]. Also, the magnitude of the dropouts increase with the optical feedback and

decrease with the injection current [64].
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Figure 1.10: Time series simulated numerically with the LK model, equations 1.8 and 1.9.

The fast dynamics of the order of picoseconds is shown in black, while the filtered signal, to

account for the limited bandwidth of the experimental instruments, is depicted in red. The

LFF dropouts can be observed in the filtered trace. Model parameters are: µ= 1.005, η= 10

ns−1, τ= 5 ns. Other parameters as indicated in subsection 1.2.2.

The LFF regime has been shown to be excitable in certain parameter regions [65–67].

Excitable systems possess a stable stationary state and have a threshold for external pertur-

bations [68,69]. If the perturbation is smaller than the threshold, the trajectory will return to

the stationary state performing a short, linear excursion in its physical variables. If the per-

turbation is larger than the threshold, the trajectory returns to the stationary state making a

large excursion in the phase space manifested by a spike. When the perturbation overcomes

the threshold, the amplitude of the spikes becomes independent of the perturbation ampli-

tude. The direct test for excitability consists in verifying the existence of this threshold in the

response of the system when a perturbation is applied. An important characteristic of an

excitable system is the existence of a refractory time. While the system is performing a spike,

it remains insensible to other perturbations.

In the frame of the LK model the LFFs have been explained as the following [70]: in the

stable state the most probable external cavity mode for the laser oscillation is the maximum
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Figure 1.11: As the injection current increases the laser dropouts become more frequent.

Panels a) to c) display time series for increasing injection current: a) 28.74 mA, b) 29.31 mA,

c) 29.88 mA. d) Average LFF frequency vs. injection current for the Sony SLD1137VS diode

laser. In the range of currents used in the experiments with this laser the LFF frequency

increases linearly with the injection current. Time delay: 5 ns. Threshold reduction due to

feedback: 7.1%. Solitary laser threshold: 28.40 mA.

gain mode (MGM), and at first we suppose that the laser oscillates around the MGM. When

the system is close enough to an anti-mode (saddle-point) a collision between the trajectory

and the anti-mode can take place. This process corresponds to the power dropout. After

that, the laser trajectory begins to recover towards the MGM, being trapped around succes-

sive external cavity modes on its way (chaotic itinerancy), until reaching the neighborhood

of the MGM. In the vicinity of every cavity mode, the laser make a few cycles, describing

chaotic oscillations. Due to noise, the power dropout and the subsequent recovery repeat

irregularly in time. As a result, LFFs are observed in the laser output [71,72]. High resolution

measurements of the laser frequency excursion along its mode ellipse (see Fig. 1.12) where

reported in [73].

The chaotic itinerancy around the external modes can be visualized in Fig. 1.12 adapted

from reference [28].
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Figure 1.12: a) External- and anti-modes in the phase space of frequency and carrier density.

After the collision between the trajectory and an anti-mode, the carrier density increases

with constant phase (A), and right after, the phase increases toward the solitary mode (B). A

chaotic itinerancy toward the MGM follows (D). b) Corresponding waveform with the steps

described in (a). From reference [28].

1.4 Ordinal symbolic analysis

1.4.1 Symbolic Analysis

Symbolic analysis refers to the analysis of series of symbols originated from symbolic trans-

formation of time series. The origin of symbolic analysis goes back to the use of a symbolic

description of sequences of geodesic flows on surfaces of negative curvature, by Hadamard,

in 1898 [74]. Hadamard discovered a finite set of forbidden patterns (symbol pairs that could

not occur) and that the sequences that could exist were the ones that did not contain the

forbidden patterns. Morse [75], and after Morse and Hedlund [76], extended this work using

a symbolic description to analyze dynamical features such as periodical orbits in classical

systems, and referred to the method for the first time as symbolic dynamics [77].

Symbolic dynamics, as proposed by Morse and Hedlund [76], is an approach to complex
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systems aiming to capture essential aspects of complexity using conceptually simple models

[78]. The basic idea is to partition the set of possible states of the system into a finite number

of pieces using a symbolic transformation. Each piece is associated with a symbol. If one

keeps track of which piece of the state space the system lies in each accessible time interval,

the evolution of the system can be described by the sequence of symbols. One have then

a “symbolic” dynamical system that reflects and helps to understand the dynamics of the

original system citelind:1995.

There are different ways to discretize the available range of original observations and

define symbols. It can be based on the Poincaré section [41], that follows a stroboscopic

sampling of the multidimensional trajectory of the system in phase-space, giving as result a

discrete time mapping, reducing the dimensionality of the problem. The Poincaré section

can then be subdivided into cells and assign to all points in each cell the same symbol.

Thresholding criteria can also be used to transform the original data into a sequence

of symbols. For example, the original time series can be converted in a series of “ones” and

“zeros” depending if the value is higher or lower than a threshold [79,80]. The transformation

of the binary sequence into a sequence of more than two symbols, by collecting groups of

consecutive symbols, can allow for the inspection of different time scales.

A practical advantage of using symbols is that the efficiency of numerical computations is

greatly increased compared with what it would be for the original data. This gain in efficiency

can reduce the need for computational resources or enhance understanding. It can also im-

ply speed, which is important for real-time monitoring and control applications. Other ad-

vantage is that analysis of symbolic data is often less sensitive to measurement noise. In

some cases, experimentalists can accomplish symbolization directly in the instrument by

the appropriate design of the sensing elements. Used in combination with appropriate anal-

ysis, these “low-resolution” measurements can reduce instrumentation cost and complexity,

as pointed out by Daw et al. citedaw:2003.

1.4.2 Ordinal analysis

Ordinal analysis [78, 81] is a kind of symbolic analysis in which the symbols are ordinal pat-

terns (OPs), defined through order relations between neighbor values. It was introduced in

the context of a new entropy measure, the permutation entropy. Roughly speaking, permu-

tation entropy replaces the probabilities of length-D symbol blocks in the definition of the
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Shannon entropy [82] by the probabilities of length-D ordinal patterns. The Shannon en-

tropy is defined as the measure of the uncertainty associated to the physical process P , as

S[P ] =−
N
∑

i=1
pi ln(pi ), (1.10)

where the probabilities pi , such that
∑N

i=1pi = 1, characterize the process P . For a com-

pletely known process, which is predictable with certainty, Shannon entropy is minimum,

S[P ] = 0, while for a uniform distribution, where the knowledge about the system is mini-

mum and all outcomes are equally probable, Shannon entropy is maximum, S[P ] = ln(N ),

with N being the number of possible outcomes.

Permutation entropy addressed three drawbacks present in Shannon entropy and other

classical measures [83]: 1. Shannon and other classical measures do not account for tempo-

ral relationships between the values of the time series, so that structure and possible tem-

poral patterns present in the process remains veiled; 2. They often require some previous

knowledge about the system; and 3. They are often best designed to deal with linear sys-

tems.

As an example of the first drawback, consider a time series with length L. For simplicity

consider that the time series contains L different values. For Shannon entropy, equation 1.10,

there are L! possible different time series that gives exactly the same value for the measure.

Any possible permutation of the elements in the time series yelds the same entropy. The

information about the order is completely lost.

In ordinal analysis, the comparison of neighboring values in a time series allows to take

into account time causality when constructing the ordinal patterns. The symbolic sequence

is determined without any previous knowledge of the system: only, again, by comparing

neighbor values. And, finally, the method is useful to describe high-dimensional nonlinear

systems [78, 83–85].

Ordinal analysis has been applied in many areas as econophysics, neuroscience, bio-

medicine and climatology [83, 84, 86].

The first application in the investigation of semiconductor laser dynamics is from 2010.

J. Tiana-Alsina et al. [87] used ordinal analysis to characterize the LFF dynamics. They com-

puted the entropy and the statistical complexity measure previously introduced by Martin
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et al. [88] via ordinal patterns. They found a trasition in the dynamics, as the pump current

is increased, characterized by a reduction of the permutation entropy accompanied by an

increase of the statistical complexity, which is robust to the size of the data sets and the di-

mension of the ordinal patterns. Rubido et al. [89] applied ordinal analysis to characterize

the dynamics of the LFF regime for a wide range of pump current values. They found that for

low pump currents the dropouts have no correlations, as all the words were equally proba-

ble; but for higher pump currents, correlations between consecutive dropouts appear. They

also compared predictions of the LK model with the phenomenological model introduced

by Eguia et al. [90], and found that the LK model reproduces better the temporal correlations

present in the system.

Soriano et al. [91] and Zunino et al. [92] also estimated the permutation entropy, to-

gether with the permutation statistical complexity, of a semiconductor laser with feedback

in the chaotic regime. By analyzing these quantifiers as a function of the embedding dimen-

sion, they identified the relaxation oscillation period and the feedback time delay. Xiang et

al. [93] used the permutation entropy to study the unpredictability of the chaotic dynamics

of a laser diode with polarization-preserved and polarization-rotated feedback. Toomey and

Kane [94] estimated the permutation entropy of a laser diode with optical feedback for dif-

ferent feedback strengths and pump currents, showing the different degrees of complexity

in a two-dimensional parameter space (optical feedback and pump current). They showed

that the degree of complexity is sensitive to the delay used to compute the ordinal patterns.

Toomey et al. [95] have shown that permutation entropy and a variation of it called weighted

permutation entropy (WPE), that also incorporates amplitude information [96], can be used

to identify pulsed dynamics in different laser systems and serve as relative measures of noise

in pulses amplitude and period.

In this thesis we analyze statistics of OPs in ISI time series of lasers with optical feedback

in the LFF regime. In the following we present how the ordinal patterns are constructed.

Ordinal Patterns

In chapters 2–4 we will analyze experimental and simulated ISI sequences employing ordinal

analysis. By analyzing the statistics of the different ordinal patterns, it can capture subtle

variations in temporally correlated data [87].
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Each ISI sequence, {∆Ti }, is transformed into a sequence of ordinal patterns (OPs), which

are defined by considering the relative length of D consecutive ISIs and assigning them a

symbol that indicates their relative length, in the same order as they appear in the sequence,

as shown in figure 1.13. The shortest interval is assigned 0 and the longest interval is assigned

D −1. For D = 2 the only two possibilities are: ∆Ti >∆Ti+1 that gives the ‘10’ OP, and ∆Ti <

∆Ti+1 that gives the ‘01’ OP. For D = 3 there are six possibilities: ∆Ti < ∆Ti+1 < ∆Ti+2 gives

‘012’, ∆Ti+1 <∆Ti <∆Ti+2 gives ‘102’, and so on. The OP probabilities are then calculated by

counting their frequency of occurrence in the sequence.

Figure 1.13: Schematic representations of the ordinal patterns (OPs) of dimension D = 2, D =

3, and three examples of OPs of dimension D = 4. This figure is a courtesy of A. Aragoneses.

We also compute the transition probabilities (TPs) from an OP to another OP [97]. The

TPs are normalized such that all possible transitions from one OP sum one. To fix the ideas,

for D = 2 OPs, TP01→01+TP01→10 = 1 and TP10→01+TP10→10 = 1.

The symbolic transformation employed here disregards the information about the pre-

cise duration of the ISIs, what renders the method very robust against noise, but it keeps the

information about temporal correlations among them, i.e., about correlations in the timing

of the optical spikes. Specifically, in the next chapters we will analyze correlations among 3

spikes (by using D = 2 OPs), 4 spikes (by using D = 3 OPs) and 5 spikes (by using D = 2 TPs or

D = 4 OPs). As the number of possible OPs increases as D !, the TP method has the advantage

of allowing to infer the presence of correlations among 5 consecutive spikes by computing

only 2 TPs (TP01→01 and TP10→10) instead of computing the probabilities of 4! = 24 OPs.
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Chapter

2
Ordinal Analysis of the Dynamics of

Semiconductor Lasers in the LFF

Regime

In this chapter we analyze the dynamics of semiconductor lasers when they operate in the

LFF regime induced by optical feedback. By using symbolic analysis we unveil a nontrivial

organization of ordinal patterns, revealing serial spike correlations. The probabilities of the

patterns display a well-defined, hierarchical and clustered structure. We also consider the in-

fluence of direct current modulation and identify clear changes in the dynamics as the mod-

ulation amplitude increases. To confirm the robustness of the observations the experiments

were performed using different lasers under different feedback conditions. Simulations of

the Lang and Kobayashi (LK) model, including spontaneous emission noise, are found to

be in good agreement with the observations, providing an interpretation of the correlations

present in the dropout sequence as due to the interplay of the underlying attractor topology,

the periodic modulation, and the noise that sustains the dropout events.

The results presented in this chapter were published in references [97, 98]. The exper-

iments were performed in collaboration with Andrés Aragoneses, a former PhD student in

the DONLL group. The simulations of the LK model (not shown here) were performed by

Sandro Perrone, another former PhD student in the DONLL group.
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2.1 Experimental Setup

2.1.1 No Modulation

The experimental setup used in the experiments without modulation is presented in Fig. 2.1.

The experiments were performed with a 675 nm Al-GaInP semiconductor laser (AlGaInP

Sanyo DL-2038-023) with optical feedback from a diffraction grating. The external cavity

length was 70 cm, giving a feedback delay time of 4.7 ns. A beam-splitter sends 50% of the

light to a 1 GHz oscilloscope (Agilent Infiniium 9000). The laser temperature and pump cur-

rent were controlled to an accuracy of 0.01 C and 0.01 mA respectively with a ITC502 Thorlabs

laser diode combinator controller. The operating temperature was 18 C and the laser pump

current was varied in steps of 0.1 mA, from 26.3 mA to 27.3 mA. At 18 C the threshold current

of the solitary laser is Ith = 27.8 mA, and the feedback-induced threshold reduction is 6.5%.

Time series of 32 ms were recorded (3.2×107 data points), containing 70,000–300,000 spike

events, for low and high pump current respectively.

Figure 2.1: Experimental setup, where LD stands for laser diode, BS for beamsplitter, PD for

photodetector, OSC for oscilloscope and GRAT for grating.

2.1.2 With Modulation

Two setups with very different time delays were employed. One propagating in air, emitting

at 650 nm, optical storage (DVD) wavelength; another propagating through fiber, emitting at

1550 nm, telecom wavelength. The experimental setups are schematically shown in Fig. 2.2.

For the 650 nm laser, the external cavity is 70 cm (giving a feedback time delay of 4.7 ns)

and the feedback threshold reduction is 8%. A 50/50 beam-splitter sends light to a photo-

detector (Thorlabs DET210) connected with a 1 GHz oscilloscope (Agilent DSO 6104A). The

solitary threshold is Ith = 38 mA and the current and temperature (17 C) are stabilized with

an accuracy of 0.01 mA and 0.01 C, respectively, using a controller (Thorlabs ITC501). Through
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a bias-tee in the laser head, a sinusoidal RF component from a leveled waveform generator

(HP Agilent 3325A) is combined with a constant DC current of 39 mA. The modulation fre-

quency is fmod = 17 MHz and the modulation amplitude varies from 0 mV to 78 mV in steps

of 7.8 mV (from 0% to 4% of the dc current in steps of 0.4%). For each modulation ampli-

tude, five measurements of 3.2 ms were recorded. The time series contains between 74,000

and 207,000 dropouts, at low and high modulation amplitude, respectively.

For the 1550 nm laser, the time delay is 25 ns and feedback threshold reduction is 10.7%.

The solitary threshold is 11.20 mA, the dc value of the pump current is 12.50 mA, the mod-

ulation frequency is fmod = 2 MHz and the modulation amplitude varies from 0 mV to 150

mV in steps of 10 mV (from 0% to 24% of the DC current in steps of 1.6%). The time series

contain between 8,000 and 19,000 dropouts, at low and high modulation amplitude, respec-

tively. While, for the 1550 nm laser, the modulation frequency is about one order of magni-

tude smaller than for the 650 nm laser, the relation with the characteristic time-scale of the

LFF dynamics, given by the average inter-spike interval 〈∆T 〉 is about the same: for the 650

nm laser, 〈∆T 〉 = 365 ns and thus 〈∆T 〉× fmod = 6.2. For the 1550 nm laser, 〈∆T 〉 = 2.55 µs

and 〈∆T 〉× fmod = 5.1.

2.2 LFF Symbolic Dynamics without Current Modulation

Figure 2.3 displays the probabilities of the six possible words for D = 3 (indicated in the

panel in the right of the figure), computed from time-series recorded within a wide range

of pump currents. The symbolic analysis reveals that serial correlations among four consec-

utive spikes are present in the spike sequence: if there are no correlations (null hypothesis,

represented as gray region in Fig. 2.3), the six words are equally probable; however, in Fig.

2.3 one can observe that the probabilities are clearly not consistent with the null hypothesis.

We can also observe a hierarchy in the probability values, which presents a crossover

at about 26.6 mA: for higher pump currents the most probable word is ‘210’ corresponding

to three consecutively decreasing inter-spike intervals), while for lower pump currents, the

most probable word is ‘012’ (corresponding to three consecutively increasing intervals).

Figure 2.3 also reveals a clustered organization of the probabilities: words ‘021’ and ‘102’,

on the one hand, and words ‘120’ and ‘201’, on the other hand, occur with similar probability.

The probabilities of these two pairs of words present the same evolution when the pump
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Figure 2.2: Experimental setup for (a) 650 nm laser (Hitachi HL6714G) and (b) 1550 nm laser

(Mitsubishi ML925B45F). LD stands for laser diode, BS for beam-splitter and OSC for oscil-

loscope.

current is varied. The robustness of these findings was confirmed by using different lasers

and feedback conditions, where the same clustered hierarchical structure was found.

2.3 LFF Dynamics with Current Modulation

2.3.1 ISI Distributions and Return Maps

Figure 2.4 displays the intensity time series, the probability distribution functions (PDFs) of

inter-spike intervals, ∆T (ISIs), and the return maps, ∆Ti vs ∆Ti+1, for four modulation am-

plitudes for the 650 nm laser. As it has been reported in the literature the dropouts tend to

occur at the same phase in the drive cycle with current modulation, and the ISIs are mul-

tiples of the modulation period [65, 99, 100]. For increasing modulation amplitude, the ISIs

become progressively smaller multiples of the modulation period and, for high enough mod-

ulation amplitude, the power dropouts occur every modulation cycle [99]. Here, for the high-

est modulation amplitude, the PDF presents a strong peak at two times the modulation pe-
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Figure 2.3: Probabilities of the six words (schematically indicated in the right panel) vs the

laser pump current. Two clusters of words can be observed, with similar probabilities: ‘021’-

‘102’ (black-green) and ‘120’-‘201’ (magenta-cyan). A crossover in the hierarchical organiza-

tion of the words occurs at about 26.6 mA: at lower current values the word ‘012’ (blue) is the

most probable one, while at higher currents values, the word ‘210’ (red) is the most probable

one. The error bars are estimated with a binomial test and the gray region indicates prob-

ability values consistent with the null hypothesis that there are no correlations in the spike

sequence, and therefore, the six words are equally probable.

riod [see Fig. 2.4(k)]. The return maps (third column of Fig. 2.4) display a clustered structure,

with “islands” that correspond to the well-defined peaks observed in the PDFs, also in good

agreement with previous reports [65, 99]. A similar behavior is observed with the 1550 nm

laser (Fig. 2.5). The plots of ∆Ti vs ∆Ti+1 are almost symmetric, suggesting that ∆Ti >∆Ti+1

and ∆Ti <∆Ti+1 are equally probable; however, in the next section we will demonstrate that

the modulation induces correlations in the∆T sequence, induced by the modulation, which

can not be inferred from these plots.

2.3.2 Symbolic Dynamics

Figure 2.6 shows the probabilities of words of D = 2 (a, b) and D = 3 (c, d), vs. the modulation

amplitude, for the 650 nm laser (a, c), for the 1550 nm laser (b, d). The gray region indicates

probability values consistent with the null hypothesis (NH) that the words are equally proba-

ble, and thus, that there are no correlations among the dropouts. In other words, probability

values outside the gray regions are not consistent with a uniform distribution of word prob-

abilities and reveal serial correlations in the ISI sequence. It can be noticed that the gray

31



Figure 2.4: Time traces of the laser intensity (650 nm laser), probability distribution functions

(PDFs) of the inter-spike intervals, ∆Ti (ISIs), and return maps ∆Ti vs ∆Ti+1 in units of the

modulation period (Tmod ) for increasing modulation amplitude, from top to bottom: no

modulation, 23.4 mV (1.2%), 31.2 mV (1.6%), and 39.0 mV (2%). In panel (a) the words ‘10’

(D = 2) and ‘210’ (D = 3) are depicted as examples; in panel (c) the transition ‘10’ → ‘01’ is

depicted as example.

region is narrower in (a, c) than in (b, d). This is due to the fact that the number of dropouts

recorded for the 650 nm laser is much larger than for the 1550 nm laser (the corresponding

delay times being 4.7 ns and 25 ns respectively).

It is observed that the dynamics is consistent with the NH, in the case of D = 2, for small

and for high modulation amplitude. However, the analysis with D = 3, reveals that, for high

modulation, the probabilities are outside the gray region, revealing correlations among four

consecutive ISIs. We note that there are two groups of words, one less probable (‘012’, ‘210’)

and one more probable (‘021’,‘102’, ‘120’, ‘201’), resulting, for D = 2, in the same probabilities
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Figure 2.5: As Fig. 2.4 but for the data recorded from the 1550 nm wavelength laser. Left

column: time traces of the laser intensity; middle column: PDFs of the inter-spike intervals,

∆Ti ; right column: return maps ∆Ti vs ∆Ti+1 in units of the modulation period (Tmod ). First

row: no modulation; second row: modulation amplitude of 40 mV (6.4% of the DC current);

third row: 80 mV (12.8%); forth row: 120 mV (19.2%). From A. Aragoneses PhD thesis [30].

for ‘01’ as for ‘10’. With D = 3, the less probable words are those which imply three consecu-

tively increasing or decreasing IDIs and this can be understood in the following terms: strong

enough modulation forces a rhythm in the LFF dynamics, and three consecutively increas-

ing or decreasing intervals imply a loss of synchrony with the external rhythm, and thus, are

less likely to occur.

By computing the four transition probabilities of D = 2 words, depicted in Fig. 2.7, we

obtain information about correlations among five consecutive dropouts. This analysis is

statistically more robust than computing the probabilities of the 24 words of length D = 4.
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Figure 2.6: Probabilities of the words of D = 2 (a, b) and D = 3 (c, d) versus the modulation

amplitude for the experiment with the 650 nm laser (a, c), the experiment with the 1550

nm laser (b, d). The gray region (p ± 3σ, where p = 1/D !, σ =
√

p(1−p)/N , and N is the

number of words in the symbolic sequence) indicates probability values consistent with 95%

confidence level with the null hypothesis that all the words are equally probable (i.e., that

there are no correlations present in the sequence of dropouts).

The results in Fig. 2.7 confirm that, at this time scale, the dynamics is still consistent with

the NH for low modulation amplitudes but, as the modulation increases, a transition takes

places and the transition probabilities (TPs) display a deterministic-like behavior. This tran-

sitions occur at the same values as in Fig. 2.6 (at about 1.8% modulation amplitude for the

650 nm case, 16% for the 1550nm). Figure 2.7 shows that, for high modulation amplitude,

the most probable transitions are those which go from one word to the same word (‘01’ →

‘01’ and ‘10’ → ‘10’), because the external forcing imposes a periodicity in the LFF dynamics.

The transition in the dynamics, and the qualitative agreement between the two lasers, are
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independent of the type of normalization used to compute the TPs.

Within the framework of the LK model, the LFF dynamics is sustained by spontaneous

emission noise, and thus, one could expect weak correlations in the sequence of dropouts.

While this is indeed the case for no modulation or very weak modulation amplitude, larger

modulation induces precise correlations, which are adequately reproduced by the LK model.

For strong modulation the reason why some words and transitions are more probable than

the others is well understood (as due to the external rhythm imposed by the modulation),

but for no modulation and also for moderate modulation amplitude, further investigations

are needed in order to understand the symbolic behavior.
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Figure 2.7: Transition probabilities for the 650 nm laser (a, c,e), and the 1550 nm laser (b,d,f).

In the first two rows the panels display probalities from one word to the same or to the other,

and these two probabilities sum one, as explained in section 1.4. The normalization used

in the third row consideres all four transitions such that T P(01→01) +T P(01→10) +T P(10→01) +

T P(10→10) = 1.
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2.4 Conclusions

We have studied experimentally the symbolic dynamics of a semiconductor laser with op-

tical feedback and current modulation in the LFF regime. We have analyzed time series of

inter-spike intervals employing a symbolic transformation that allows us to identify clear

changes in the dynamics induced by the modulation. For weak modulation the sequence of

dropouts is found to be mainly stochastic, while for increasing modulation it becomes more

deterministic, with correlations among several consecutive dropouts. We have identify clear

changes in the probabilities of the symbolic words and transitions with increasing modu-

lation amplitude. We speculate that the symbolic behavior uncovered here is a fingerprint

of the underlying topology of the phase space, and is due to the interplay of noise-induced

escapes from an stable external cavity mode, and the dynamics in the coexisting attractor. In

the next chapters we will analyze the influence of varying the modulation frequency and the

natural (without modulation) spike rate.

The methodology proposed here can be a useful tool for identifying signatures of deter-

minism in high-dimensional and stochastic complex systems. It provides a computationally

efficient way to unveiling structures and transitions hidden in the time series. As the laser in

the LFF regime is an excitable system, our results could be relevant for understanding serial

correlations in the spike sequences of other forced excitable systems.

36



Chapter

3
Influence of the Modulation Frequency

on the Symbolic Dynamics of the

Laser

In this chapter we investigate how the spiking laser output represents a weak periodic in-

put that is implemented via direct modulation of the laser pump current. We focus on un-

derstanding the influence of the modulation frequency. Experimental sequences of inter-

spike-intervals (ISIs) are recorded and analyzed by using the ordinal symbolic methodology

that identifies and characterizes serial correlations in datasets. The change in the statis-

tics of the various symbols with the modulation frequency is empirically shown to be re-

lated to specific changes in the ISI distribution, which arise due to different phase-locking

regimes. A good qualitative agreement is also found between simulations of the Lang and

Kobayashi model and experimental observations. This methodology is an efficient way to

detect subtle changes in noisy correlated ISI sequences and may be applied to investigate

other optical excitable devices. The results presented in this chapter have been published in

reference [101]. The experiment described here was performed in collaboration with Carlos

Quintero-Quiroz.

3.1 Experimental Setup

The experimental setup used here is similar to that shown in Fig. 2.2a. A semiconductor

laser (Sony SLD1137VS), with a solitary threshold current Ith =28.4 mA, temperature- and
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current-stabilized with an accuracy of 0.01 C and 0.01 mA, respectively, using a combi con-

troller (Thorlabs ITC501), emitting at 650 nm, has part of its output power fed back to the

laser cavity by a mirror 70 cm apart (the external cavity round-trip time is 4.7 ns). A 50/50

beamsplitter in the external cavity sends light to the detection branch consisting of a photo-

detector (Thorlabs DET210) connected to an amplifier (FEMTO HSA-Y-2-40) and a 1 GHz

digital storage oscilloscope (Agilent Technologies Infiniium DSO9104A). A neutral density

filter in the external cavity allows to control the feedback power. The DC pump current is

IDC =29.10 mA, the laser is operated at 19.00 C and a threshold reduction due to feedback of

7% is observed.

Through a bias-tee in the laser mount, the pump current is modulated with a sinusoidal

signal provided by a waveform generator (Agilent 33250A), with frequency varying from 1

to 50 MHz in steps of 1 MHz, and a peak-to-peak amplitude varying from 0.8% to 2% of

IDC , in steps of 0.4%. For these modulation amplitudes the laser current is always above

the solitary threshold. The experiment is controlled by a LabVIEW program that acquires

the time series, detects the spikes, and calculates the inter-spike-intervals (ISIs) until 40,000

ISIs are recorded. Then, the program changes the modulation frequency and/or amplitude,

waits a few seconds to let transients die away, and the process is repeated.

3.2 Experimental Results

Figure 3.1 displays the measured intensity time series and the ISIs distribution for six val-

ues of the modulation frequency, fmod , when the modulation amplitude is 1.2% of IDC . For

each frequency 30 modulation cycles are shown. The ISI distribution is computed with bins

centered at integer multiples of Tmod (with the exception of the first bin, centered in 0). The

modulation frequencies displayed are chosen to highlight different behaviors: either n : 1

locking predominates (revealed by a high peak in the ISI distribution at nTmod ), or there is

a transition from n : 1 to n + 1 : 1 locking, revealed by the peaks at nTmod and (n + 1)Tmod

having nearly the same heights.

For fmod = 7 MHz (first row) the ISI distribution peaks at Tmod . The time series reveals

that the ISIs are in fact heterogeneous, as in this case the bin centered in Tmod is about 143

ns wide. As the modulation frequency increases, the peak in the ISI distribution shifts to

higher multiples of Tmod and the ISIs become more homogeneous. At 26 MHz (third row)
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phase locking 2:1 occurs with 3:1 intermittency. In the time series one can notice that, after a

dropout occurs in a modulation cycle, the next cycle takes place during the intensity recovery

time, and the consecutive spike is separated in time by 2Tmod . Similar observation holds

for higher frequencies, now other modulation cycles being clearly visible in the intensity

oscillations between consecutive spikes. For 39 MHz (fifth row) the 3:1 pattern is dominant

and for 49 MHz (sixth row) we can see intermittent switching between 3:1 and 4:1. As the

frequency increases and the modulation becomes faster, the ISIs become larger multiples of

Tmod as the dropouts are spaced by an increasing number of cycles.
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Figure 3.1: Experimental time series of LFF intensity spikes (left column) and the corre-

sponding inter-spike-interval (ISI) distribution (right column). The modulation amplitude

is 1.2% of IDC and the modulation frequency is 7 MHz (a-b); 14 MHz (c-d); 26 MHz (e-f); 31

MHz (g-h); 39 MHz (i-j); 49 MHz (k-l). In the left panels only 30 modulation cycles are shown,

but the ISI distributions in the right panels are computed from 40000 ISIs.

Figure 3.2 displays the variation of the mean ISI, < ∆T >, with the forcing frequency. In

panel 3.2a we plot < ∆T > as a function of fmod for four modulation amplitudes (indicated

as percentages of IDC ). A decreasing trend can be observed, interrupted by “plateaus” where
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<∆T > oscillates (at about 30 MHz) and remains nearly constant (at about 45 MHz) for the

two lower amplitudes, or continues to decrease for the higher amplitudes.

The origin of this behavior can be identified in Fig. 3.2(b), where the ratio <∆T > /Tmod

is plotted vs. the modulation frequency. After an almost linear increase for low modulation

frequencies (where < ∆T > varies very little compared to Tmod ), two plateaus occur at <

∆T > /Tmod ∼ 2 and < ∆T > /Tmod ∼ 3. For strong modulation amplitude the shape of the

plateaus become more clear, while for weak modulation, only signatures of the plateaus are

evident.
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Figure 3.2: (a) Mean ISI as a function of the modulation frequency when the modulation

amplitude is 1.2% of IDC . (b) Ratio between the mean ISI and the modulation period, <

∆T > /Tmod , versus modulation frequency for several modulation amplitudes.

To investigate if the changes in the ISI distribution induced by the variation of the mod-

ulation frequency occur smoothly or rather abruptly, the probabilities of the first 5 bins [i.e.,

pn with n = 0. . .4, pn being the probability of an ISI interval being in the bin (nTmod −

Tmod /2,nTmod +Tmod /2)] are plotted vs. fmod . Figure 3.3 displays the results for the same

modulation amplitude as in Fig. 3.1 (1.2%). A smooth variation of the probabilities is ob-

served over the entire frequency range. For clarity we indicate with vertical arrows the six

frequencies corresponding to the panels in Fig. 3.1. It can be observed that p1 displays a

maximum (close to 1) at 7 MHz, p2, at 26 MHz and p3, at 39 MHz, while p1 ∼ p2 at 14 MHz,

p2 ∼ p3 at 31 MHz and p3 ∼ p4 at 49 MHz.

40



1 5 10 15 20 25 30 35 40 45 50
0

0.2

0.4

0.6

0.8

1

p n(∆
T

/T
m

od
)

Modulation Frequency (MHz)

 

 

4
3
2
1
0

Figure 3.3: Probability, pn , that an ISI value is within the interval nTmod −Tmod /2,nTmod +

Tmod /2. n values in the legend. The first five probabilities are shown, for the same modula-

tion amplitude as Fig. 1 (1.2%).

Figure 3.4 displays the results of ordinal analysis applied to the ISI sequences, for the

same modulation amplitude. We present results for D = 2 and D = 3. For D = 2 [Fig. 3.4(a)]

we plot simultaneously three probabilities: the probability of one OP [‘01’, as the proba-

bility of ‘10’ is 1-P(‘01’)] and the probabilities of two transitions (from one OP to the same

OP, as the other two TPs can also be readily calculated from the normalization conditions:

TP01→01+TP01→10 = 1 and TP10→01+TP10→10 = 1). For D = 3 [Fig. 3.4(b)] we plot simultane-

ously the probabilities of the 6 OPs.

We can see smooth changes in these probabilities as the modulation frequency varies.

The same type of smooth variation that was observed in the pn probabilities (Fig. 3.3), is

seen here, more clear in the TP01→01 and in the OP ‘210’ probability (red curves). These

probabilities are the ones that depart more from equiprobability and are anti-correlated.

To demonstrate that these changes are indeed significant, Figs. 3.4(c,d) display the same

probabilities, but calculated after the ISIs series have been shuffled (surrogate data). We can

see that in these panels all the OPs and TPs are practically equiprobable, as expected, as no

correlations exist in the surrogate data.

Comparing Fig. 3.3 with Figs. 3.4(a),(b) we see that at 7 MHz (when p1 is maximum) and

at 14 MHz (when p1 ∼ p2) nothing remarkable occurs in the symbols’ statistics; however, for
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higher modulation frequencies, changes in the ISI distributions manifest also in changes in

the statistics of the OP probabilities and transitions between OPs: the maximum of p2 and

p3 (occurring at 26 MHz and at 39 MHz respectively) are located just after the local maxima

(minima) of the TP01→01 (OP ‘210’ probability), and the “equilibrium” situations (p2 ∼ p3 at

31 MHz and p3 ∼ p4 and 49 MHz) occur just after the local minima (maxima) of TP01→01 (OP

‘210’ probability).
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Figure 3.4: (a) Probabilities of D = 2 ordinal patterns and the transition probabilities. (b)

D = 3 OPs probabilities. (c), (d) Same as (a),(b) but when the OPs and TPs are computed

from surrogate (shuffled) IDI sequences.

To demonstrate that the above observations are robust, in Fig. 3.5 we plot the probabil-

ities p0 . . . p4, as well as the OPs and TPs, for D = 2, for weaker and for stronger modulation

amplitudes. For the different amplitudes, above 20 MHz, the maxima and minima of the

TP01→01 curve precede the maxima and the “equilibria” of the pn probabilities. For strong

amplitude we can see that, as p4 (pink curve) vanishes (and therefore the “equilibrium point”

between p3 and p4 also disappears), the local maximum and minimum in the transition

probability curve also disappear. One remarkable feature is the structure that appears in the

42



TPs in the low frequencies (< 5 MHz) with the increasing amplitude. This structure does not

appear to be linked with changes in the ISI distribution, at least for the wide bins (centered

at nTmod ) used in this analysis. To check this hypothesis we used narrower bins and plotted

all probability density functions for lower frequencies for all amplitudes but up to now the

origin of this structure is unclear. We speculate that it could be related to 1 : m phase-locking

(m spikes per modulation cycle).

In the experiment we also used different external cavity lengths corresponding to feed-

back delays of 2.5, 7.5 and 10 ns. Qualitative similar behavior was observed, with similar

structures also appearing in the lower frequencies for delays of 2.5 ns and 7.5 ns.
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Figure 3.5: Histograms probabilities and OPs and transition probabilities for D = 2 versus

modulation frequency for four different modulation amplitudes. 0.8% of IDC (a,c); 1.2%

(b,d); 1.6% (e,g); 2.0% (f,h). Legends as in Figs. 3.3 and 3.4(a).

3.3 Comparison with Lang and Kobayashi Simulations

Figure 3.6 shows a comparison between experimental and numerical OP and transition prob-

abilities for the lower experimental modulation amplitude. The modulation amplitude is

0.8% of the DC current for the experimental data, panels 3.6(a) and 3.6(c). In the simulations,
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panels 3.6(b) and 3.6(d), the modulation amplitude parameter is a = 0.004, corresponding to

a peak-to-peak amplitude of 0.8% of µ0, the DC current parameter. For the numerical data

the probabilities change slower with the varying frequency than in the experimental data,

but present the same general trends. As the model is a quite simple one (it takes into ac-

count only one reflection in the external cavity and neglects multi-mode emission, spatial

and thermal effects) only a qualitative agreement could be expected. We find it remarkable

that no re-scaling or major changes in the parameters of the model are needed to reproduce

the general behavior of the probabilities. The agreement is not good for stronger modula-

tion amplitude. More detailed numerical investigations are ongoing and should be reported

elsewhere.

It is important to note that for D = 3 OPs, two clusters of OPs, formed by ‘021-102’ and

‘120-201’, where the OPs occur with the same probability, appear in the entire frequency

range both for experimental and numerical data, being more clearly visible for higher fre-

quencies. These clusters were reported in [97, 98] and were explained in terms of a simple

model that was previously used to model temporal correlations in sensory neurons. Thus,

we demonstrate here that the two clusters are robust and persist over a wide range of modu-

lation frequencies.

3.4 Conclusions

We have experimentally investigated the spiking output of a semiconductor laser with op-

tical feedback in the LFF regime, under weak current modulation. In this regime the laser

behaves as a weakly forced excitable system. We focused on the effects of varying the modu-

lation frequency in the sequence of inter-spike-intervals (ISIs). With increasing modulation

frequency the ISIs become larger multiples of the modulation period. We found that the

mean ISI does not decrease monotonically as the modulation frequency increases, but dis-

plays smooth oscillations and plateau-like behavior due to noisy phase-locking. By using a

symbolic method of analysis capable of detecting temporal correlations in data sets, we iden-

tified subtle changes in the correlations present in the ISI sequence (revealed by variations in

the probabilities of the ordinal patterns and transitions), that complement the information

extracted from the ISI distribution. The smooth variations in the symbolic probabilities were

shown to be related to changes seen in the ISI distribution. For increasing modulation am-

plitude we observed that the phase-locking regions migrate to higher frequencies, became
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Figure 3.6: First row: OP and transition probabilities for D = 2. (a) Experimental, (b) Numer-

ical. Second row: OP probabilities for D = 3. (c) Experimental, (d) Numerical. Modulation

amplitude: 0.8% of IDC . Legends as in Fig. 3.4.

wider and the locking became more clear. We have also shown that, for appropriated param-

eters, simulations of the Lang and Kobayashi model are in good qualitative agreement with

the experimental results.

The symbolic methodology used is an efficient way to detect subtle changes in noisy cor-

related data sets and may be applied to investigate other optical excitable devices.
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Chapter

4
Influence of the Natural Spike Rate on

the Symbolic Dynamics of the Laser

In this chapter we investigate experimentally how changes in the external cavity length and

DC current affect the mean inter-spike-interval (ISI) in a modulated semiconductor laser

with optical feedback operating in the low-frequency fluctuations regime. The variation of

the mean ISI with the modulation frequency is shown to be more pronounced when time

delay and DC current allow for low spike rate. We use the method of ordinal symbolic anal-

ysis to examine how time correlations (among 3, 4 and 5 consecutive laser spikes) change

with the spike rate. This method is able to capture subtle changes, otherwise hidden in the

dynamics. We find that higher spike rates wash out the effects of the modulation in the time

correlations. Simulations using the Lang and Kobayashi model are in good qualitative agree-

ment with the experimental observations. The results in this chapter are going to be pub-

lished in reference [102]. Experiments described here were performed in collaboration with

Carlos Quintero-Quiroz.

4.1 Experimental Setup

The experimental setup is depicted in Fig. 4.1. A semiconductor laser (Sony SLD1137VS),

with a solitary threshold current Ith =28.40 mA, temperature- and current-stabilized with an

accuracy of 0.01 C and 0.01 mA, respectively, using a diode laser combi controller (Thorlabs

ITC501), emitting at 650 nm, has part of its output power fed back to the laser cavity by a

mirror. A 50/50 beamsplitter in the external cavity sends light to a photo-detector (Thorlabs
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DET210) that is connected to a fast amplifier (FEMTO HSA-Y-2-40), a 1 GHz digital storage

oscilloscope (Agilent Technologies Infiniium DSO9104A) and a radio frequency spectrum

analyzer (Anritsu MS2651B). A neutral density filter in the external cavity allows to control

the feedback power. The laser is operated at 17.00 C and, unless stated, the threshold re-

duction due to feedback is 7.3%. In the experiment we used three external cavity lengths,

corresponding to feedback delay times, τ, of 2.5, 5 and 7.5 ns, and the DC current value was

varied in the range between between 1.01Ith and 1.05Ith .

A bias-tee in the laser mount allows the pump current to be modulated with a sinusoidal

signal provided by a 80 MHz waveform generator (Agilent 33250A), with frequency varying

from 1 to 50 MHz in steps of 1 MHz, and peak-to-peak amplitudes, Amod = 0.8% and 1.6%

of Ith . Only for the higher modulation amplitude and the lower IDC the laser operates mo-

mentarily below the solitary threshold Ith , in a range where the LFFs are still observed, and

no remarkable qualitative difference due to this fact appears. For all other values of modu-

lation amplitude and IDC the laser current is always above Ith . The experiment is controlled

by a LabVIEW program that acquires the time series, detects the spikes, and calculates the

inter-spike-intervals (ISIs) until a minimum of 60,000 ISIs are recorded. Then, the program

changes the modulation frequency and/or amplitude, waits 10 seconds to let transients die

away, and the process is repeated.

4.2 Analysis of the Spike Rate of the Modulated Laser

Time series showing the lasers spikes for different conditions are displayed in Fig. 4.2. In

all the panels the time interval is 1 µs, and the modulation amplitude is 1.6% of Ith . The

panels in the same line are for the same τ and IDC (µ0), the panels in the same column are

for the same modulation frequency fmod , or no modulation. In the panels 4.2a-c, where

the parameters allow for a relatively slow LFF dynamics, we can see that a slow fmod (4.2b)

do not change remarkably the spike rate present in the unmodulated laser (4.2a), while a fast

fmod provokes a considerable increase in the spike rate as we can see in panel 4.2c, where the

spikes are entrained: they occur each 3 or 4 modulation cycles. In the faster LFF dynamics

of panels 4.2e-f we also see that the slow fmod (4.2e) does not change much the spike rate we

have in the unmodulated case (4.2d). In 4.2f the dropouts are also entrained, occurring each

2 or 3 modulation cycles.
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Figure 4.1: Schematics of the experimental setup. LD: laser diode; NDF: neutral density fil-

ter, BS: beam-splitter; M: mirror; PD: photo-detector; A: fast amplifier; OSC: digital storage

oscilloscope; RFSA: radio frequency spectrum analyzer; COMP: computer; LCC: laser combi

controller; WG: waveform generator.
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Figure 4.2: Experimental and simulated intensity time series with and without modulation

for different spike rate conditions. Amod = 1.6% of Ith . a-f: experimental. g-i: simulations. a-

c: IDC =1.01Ith , τ=5 ns. d-f: IDC =1.03Ith , τ=2.5 ns. g-i: µ0=1.01, τ=5 ns. a,d,g: no modulation.

b,e,h: fmod = 5 MHz. c,f,i: fmod = 50 MHz.

Panels 4.2g-h display time series simulated with the Lang and Kobayashi model, for µ0 =

1.01 and τ = 5 ns. The LFF dynamics is a bit faster in the simulations. Despite this fact, we
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shall see that the influence of τ and IDC in the spike rates and correlations observed in the

experiments is qualitatively well reproduced by the model. We note a general qualitative

agreement between panels 4.2a-c and 4.2g-i. For fast fmod , the dropouts in the numerical

series are also entrained, occurring each 2 or 3 modulation cycles (panel 4.2i).

The effects of varying the time delay and the pump current on the experimental spike

rate are shown in Fig. 4.3. The modulation amplitude is as in Fig. 4.2. In panel 4.3a the

mean ISI for three external cavities, corresponding to time delays of 2.5, 5 and 7.5 ns, are

plotted against the modulation frequency. The curves for 5 and 7.5 ns present a plateau for

low frequencies, followed by a rapid decrease in the mean ISIs as the modulation frequency

increases, and a local minimum and maximum, after which the mean ISI varies little for 7.5

ns, and continue to decrease for 5 ns. The local minimum and maximum occur for higher

frequencies in the curve for 5 ns and are absent in the curve for 2.5 ns, where the mean ISI

decrease almost monotonically. Varying the current, in Fig. 4.3b, one can follow the varia-

tions in the spike rate in a more gradual way. In panel 4.3b the curves for low IDC resemble

the curves for τ= 5, 7.5 ns in 4.3a. As the current increases, the plateau in the low frequency

region increases and local minimum and maximum move to higher frequencies, while the

curves become more flat.

Figure 4.4 presents the results of simulations. The mean ISI vs. modulation frequency for

different τ and µ0 is displayed. The numerical curves resemble the experimental ones, the

plateau for low frequency and the following rapid decrease can be seen. The main difference

is the oscillations that occur at intermediate and high frequencies, much stronger in the

experimental curves. We can see a small oscillation in the curves for τ = 5, 7.5 ns in panel

4.4a and the curve for µ0 = 1.01 in panel 4.4b.

From Figs. 4.3 and 4.4 we can conclude that when the parameters are such that the nat-

ural spike rate (without modulation) is slow (i.e., for long delay or low IDC ) then, the mod-

ulation frequency affects more strongly the mean ISI, that, with exception of a few narrow

intervals, decreases with increasing modulation frequency. In other words, faster modula-

tion is able to produce faster spikes. On the contrary, when the spikes without modulation

are already fast (for short delay or for large IDC ) then, the modulation frequency has a smaller

effect in the spike rate.
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Figure 4.3: a) Experimental mean ISI as function of the modulation frequency for three dif-

ferent time delays. 2.5 and 7.5 ns: IDC = 1.03Ith . 5 ns: IDC = 1.024Ith , threshold reduction

of 7.1%. b) Experimental mean ISI as function of the modulation frequency for five different

DC currents. τ= 5 ns. Amod = 1.6% of Ith .

4.3 Analysis of Spike Correlations via Ordinal Symbolic Anal-

ysis

Although ordinal symbolic analysis does not take into account the exact duration of the

inter-spike-intervals, it can capture subtle changes in time correlations among consecutive

laser spikes, as the underlying correlations affect the probabilities of the ordinal patterns

(OPs): if no correlations are present in the spike sequence, all OPs are equally probable; as

there are D ! possible OPs of dimension D , their expected probability is 1/D !. Thus, if there

are OPs whose probability is significantly different from 1/D !, they unveil the existence of

serial correlations in the timing of the laser spikes.

Figure 4.5 displays the results of the analysis of the experimental data: the probability of

the pattern ‘210’ is plotted for three delays and two modulation amplitudes. By analyzing

the probability of this pattern, we investigate the existence of time correlations among 4
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Figure 4.4: a) Mean ISI from simulations as function of the modulation frequency for three

different time delays. µ0 = 1.01. b) Mean ISI from simulations as function of the modulation

frequency for three different DC current parameters, µ0. τ= 5 ns. Amod = 1.6%.

consecutive spikes. We chose this pattern because its probability is the one that differs the

most from the 1/6 value expected if no correlations are present in the spike sequence (i.e.,

if all the patterns are equally probable). In order to demonstrate that the probability of this

pattern indeed unveils the presence of spike correlations, in Fig. 4.5 we also plot in empty

symbols the probability of ‘210’ computed from surrogate data, i.e., when we shuffle the ISIs.

In panel 4.5a there is a clear oscillation in the probability for intermediate frequencies.

Observation of the changes in this oscillation pattern along the two columns (different am-

plitudes) and the three lines (different time delays), leads to the following conclusions: i)

the increase of the modulation amplitude increases the differences between maxima and

minima and moves the oscillation pattern to higher frequencies; ii) the decrease in the time

delay decreases the differences between maxima and minima and moves the oscillation pat-

tern to higher frequencies, in such a way that for 2.5 ns delay we can see only the first local

minimum of the oscillation pattern.

In Fig. 4.6 we present the analysis of simulated data: the probability of ‘210’ for original
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Figure 4.5: Symbolic analysis of experimental ISI data: ‘210’ probability against modulation

frequency, for two modulation amplitudes and three time delays. a-b: τ = 7.5 ns, IDC =

1.03Ith . c-d: τ= 5 ns, IDC = 1.024Ith , threshold reduction: 7.1%. e-f: τ= 2.5 ns, IDC = 1.03Ith .

a,c,e: Amod = 0.8% of Ith . b,e,f: Amod = 1.6% of Ith . Full symbols: original data. Empty

symbols: surrogate data.

and surrogate data. A good agreement with the experimental results of Fig. 4.5 is observed.

A similar behavior is observed when the DC value of the injection current changes. In

Fig. 4.7 we plot, for experimental ISIs, the probability of the ‘210’ pattern for five different

DC currents for the same modulation amplitudes and time delays as in Fig. 4.5. The variation

of the oscillation pattern in the ‘210’ probability when IDC increases is the same as in Fig. 4.5

when τ decreases, as in both cases the intrinsic (without modulation) spike rate increases.

For the higher amplitude (1.6%, second column) maxima and minima are more pronounced,

and they occur at higher modulation frequencies. For increasing injection current (from

top to bottom) the probability curve becomes more flat, as the oscillation pattern moves to

higher frequencies. These observations are the same for Fig. 4.8, where the probabilities for

the pattern ‘210’ are plotted for the simulated ISIs, for the same values of µ0 used in Fig. 4.4b.

From the observations above we can see that, as the dynamics becomes faster and the
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Figure 4.6: Symbolic analysis of simulated ISI data: ‘210’ probability against modulation

frequency, for two modulation amplitudes and three time delays. µ0 = 1.01. a-b: τ= 7.5 ns.

c-d: τ= 5 ns. e-f: τ= 2.5 ns. a,c,e: Amod = 0.8% of Ith . b,e,f: Amod = 1.6% of Ith . Full symbols:

original data. Empty symbols: surrogate data.

spike rate increases, the differences in the time correlations among 4 consecutive spikes for

the different modulation frequencies fade away. Figure 4.9, that displays for experimental

data the probabilities of the ‘10’ (top row) and the ‘3210’ (bottom row) patterns vs. the mod-

ulation frequency and IDC , shows that it also occurs for the correlations among 3 and among

5 consecutive spikes. The same general trends observed for ‘210’ can be seen here as the

maxima and minima move to higher frequencies (see the color patterns shifting to the right

and to the top) and the differences between maxima and minima diminish, as the injection

current increases.

These results demonstrate that serial spike correlations tend to diminish as the spike rate

of the unmodulated laser becomes faster (the laser spike rate increases either when the delay

time is decreased, or when the pump current is increased).
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Figure 4.7: Symbolic analysis of experimental ISI data: ‘210’ probability against modulation

frequency, for two modulation amplitudes and five IDC . τ = 5 ns. a-b: IDC = 1.01Ith . c-d:

IDC = 1.02Ith . e-f: IDC = 1.03Ith . g-h: IDC = 1.04Ith . i-j: IDC = 1.05Ith . a,c,e,g,i: Amod = 0.8%

of Ith . b,d,f,h,j: Amod = 1.6% of Ith . Full symbols: original data. Empty symbols: surrogate

data.

4.4 Discussion

As we have seen, ordinal analysis provides information about the presence of underlying

serial correlations in the spike sequence, which complements the information that can be

gained by applying traditional time-series analysis tools. Many studies of the modulated

LFFs, using return maps, spectral measurements, etc., have been reported in the literature.

For example, by using return maps, Giudici et al. [65] and Sukow and Gauthier [99] demon-

strated experimentally that spikes occur preferentially at time intervals that are multiples of

the modulation period. Lam et al. [100] proposed an explanation based on the adiabatic

motion of the ellipse formed by the steady state solutions of the Lang and Kobayashi model,

due to slow modulation. On the other hand, Mendez et al. [103] showed that the organiza-

tion of the experimental periodic orbits was equivalent to that of the periodic solutions of a
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Figure 4.8: Symbolic analysis of simulated ISI data: ‘210’ probability against modulation

frequency, for two modulation amplitudes and three values of µ0. τ = 5 ns. a-b: µ0 = 1.01.

c-d: µ0 = 1.02. e-f: µ0 = 1.03. a,c,e: Amod = 0.8%. b,d,f: Amod = 1.6%. Full symbols: original

data. Empty symbols: surrogate data.

simple, low dimensional model proposed by Eguia et al. [90]. By analyzing the distribution

of inter-spike-intervals, Buldú et al. [104] and Marino et al. [105] found evidence of stochas-

tic resonance [106], as there is an optimal modulation frequency that maximizes the spike

regularity.

In the previous chapter we used ordinal analysis to investigate how the correlations among

several dropouts are affected by the modulation frequency and found that the minima and

maxima of ‘210’ OP probability were related to the noisy phase-locking of the spikes. Here

we have focused on understanding how parameters that determine the natural spike rate

(without modulation) affect this behavior. A crucial question remains that is: which phys-

ical mechanisms cause these correlations? While these are still unclear, because the same

oscillations in the OP probabilities are seen in experimental and in numerical data, and they

are clearly modified by model parameters (such as the pump current or the delay time), we

56



1.01

1.02

1.03

1.04

1.05 Amod= 0.8% Amod= 1.6%

10 20 30 40 50
1.01

1.02

1.03

1.04

1.05

10 20 30 40 50

0.440

0.470

0.5

0.529

0.559

0.0

0.020

0.041

0.062

0.083

I D
C
(I
th
)

a) b)

c) d)

Modulation Frequency (MHz)
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speculate that the spike correlations are due to the specific organization of the trajectories in

the system’s phase space. The mechanisms responsible for spike correlations could also be

related to the interplay of noise and modulation, in similar way as in stochastic resonance,

where for an appropriated modulation frequency, the interplay of modulation and noise re-

sults in maximum spike regularity. Most importantly, these correlations could be generic

features of periodically forced excitable systems: the observations of Feingold et al. [107]

suggested that these systems can be described by circle maps, it was already shown [98] that

a modified circle map adequately explains the correlations present in the LFF spikes, both,

with and without modulation. In [98] it was shown that the OP probabilities (experimental

observations and Lang and Kobayashi model simulations) display a well-defined, hierarchi-

cal and clustered structure, which is the same as that found in a modified circle map. Since

the circle map describes many dynamical systems, including excitable ones, such correla-

tions could also occur in other systems.
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4.5 Conclusions

We have studied experimentally the dynamics of a directly modulated semiconductor laser

with optical feedback in the LFF regime. Specifically, we studied how the external cavity

length (i.e., the feedback delay time, τ) and the DC value of the injection current, IDC , affect

the mean inter-spike-interval (ISI) and the spike correlations.

Although increasing the modulation frequency in general tends to decrease the mean ISI,

the effect is non-monotonous and there are some oscillations. Moreover, the modulation

frequency can have a strong or a small effect in the spike rate, depending on the parameters.

Specifically, if the laser spike rate, without modulation, is slow (for large τ or for low IDC ),

increasing the modulation frequency results in considerably faster spikes; on the contrary, if

the spike rate is fast (for short τ or for high IDC ), the modulation frequency has only a small

effect on the spike rate, and fast modulation is unable to produce much faster spikes.

By using symbolic ordinal analysis we also studied how the changes in the spike rate

affect the correlations among several consecutive spikes. We calculated the probabilities of

occurrence of the ordinal patterns (OPs) that represent increasingly close spikes: ‘3210’, ‘210’

and ’10’. We used a clearly visible oscillation pattern in the OPs’ probability, when it is plot-

ted against the modulation frequency, to track the changes in the temporal correlations. We

found an equivalent effect when decreasing the time delay or when increasing the DC value

of the injection current, as the pattern moves to higher modulation frequency and the dif-

ferences between maxima and minima fade out. As the intrinsic spiking dynamics becomes

faster, the effects of the current modulation become less pronounced and the temporal cor-

relations for the different modulation frequencies become all alike.

We also analyzed simulated spike sequences, using the Lang and Kobayashi model with

typical parameters, and found a good qualitative agreement with the experimental observa-

tions.

Our observations are important for developing optical neurons that fully mimic biolog-

ical ones, which encode the information about external input signals in the spike rate and

in the spike timing. In other words, neuronal systems use sequences of correlated spikes for

information encoding and processing and therefore, spike correlations should be carefully

taken into consideration when designing optical neurons that mimic the behavior of biolog-

ical neurons. Our results suggest that there is limited range of modulation frequencies that
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affect the spike rate and produce spike correlations: if the modulation is too fast, the spike

correlations are washed out.
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Chapter

5
Summary of Results and Future Work

5.1 Summary of Results

In this thesis we presented our findings after performing experimental and numerical inves-

tigations on the dynamics of the LFF regime in semiconductor lasers with optical feedback

and current modulation. The study covers a comprehensive range of injection current, feed-

back delay time, modulation amplitude and modulation frequency.

The main method employed to perform the analysis was ordinal symbolic analysis, a

nonlinear statistical tool that allows to unveil subtle serial correlations in time series. Exper-

imental and numerical time series containing tens of thousands of LFF spikes were analyzed.

In Chapter 2 we used ordinal symbolic analysis to demonstrate the existence of a hier-

archical, clustered organization of patterns in the excitable LFF regime which had not been

previously noticed, despite all the attention that the LFF regime has attracted in the past

decades. The cluster organization is robust to the presence of external forcing, implemented

through current modulation. As the modulation amplitude is increased, a clear transition

induced by the modulation was observed, as the patterns statistics reveal a highly stochas-

tic behavior for no modulation and weak modulation and a deterministic behavior for high

modulation amplitudes.

In Chapter 3 we focused on the effects of varying the modulation frequency in the se-

quence of ISIs. We found that with increasing modulation frequency the ISIs become larger

multiples of the modulation period, but the mean ISI does not decrease monotonically, but

displays smooth oscillations and plateau-like behavior due to noisy phase-locking. We found
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that the smooth variations in the symbols probabilities are related to the changes in the

shape of the ISIs distributions. If the modulation amplitude increases it becomes possible

to have more effective phase-locking, which can occur at higher modulation frequencies.

We also have shown that simulations of the LK model can reproduce qualitatively well the

symbolic dynamics with varying modulation frequency.

In Chapter 4 we investigated how parameters that determine the natural (without mod-

ulation) spike rate affect both, the mean ISI and the spike correlations. We found that the

modulation frequency can have a strong or a small effect in the spike rate, depending on the

natural spike rate: if it is slow, increasing the modulation frequency results in considerably

faster spikes; on the contrary, if the natural spike rate is fast, then, the modulation frequency

has only a small effect on the spike rate, and fast modulation is unable to produce much

faster spikes.

To investigate the changes in the temporal correlations we calculated the probabilities

of occurrence of the ordinal patterns that represent increasingly close spikes: ‘3210’, ‘210’

and ‘10’. We found an equivalent effect when decreasing the time delay or when increasing

the DC value of the injection current, as both parameters increase the natural spike rate.

As the intrinsic spiking dynamics becomes faster, the effects of the modulation become less

pronounced and the modulation frequency does not modify the temporal correlations.

We also analyzed simulated spike sequences, using the LK model with varying modula-

tion frequency for different injection currents and feedback delay times, and found a good

qualitative agreement with the experimental observations.

As biological neuronal systems use sequences of correlated spikes for information en-

coding and processing, we suggest that spike correlations should be carefully taken into con-

sideration when designing optical neurons that mimic the behavior of biological neurons.

In the system studied here, a semiconductor laser with optical feedback in the LFF regime,

our results suggest that there is limited range of external forcing frequencies that affect the

spike rate and the spike correlations: if the external modulation is too fast, the spike correla-

tions are washed out.

5.2 Perspectives for Future Work

The following issues are interesting for future work:
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• Investigate the role of various noise sources in the spike correlations and in the sym-

bolic dynamics, both experimentally (by adding a random signal in the injection cur-

rent or by injecting incoherent light in the laser) and with the LK model, having in

mind that this system is known to present phenomena like coherence and stochastic

resonance [104, 105].

• The feedback strength is an important parameter for both the dynamics of the system

and for the spike rate. Additional work studying the effects of this parameter on the

spike correlations would be a natural continuation for the present work.

• Compare the results presented here with other measures of n:m phase locking, such

phase synchronization [108]. For this we need to extract a phase from the laser inten-

sity time series (via Hilbert transform) and compare with the phase of the modulation,

or analyze the phase difference between consecutive spikes.

• Spikes of semiconductor lasers in the LFF regime and spikes of biological neurons have

interesting similarities. Both are excitable, the distribution of ISIs under external forc-

ing have a similar shape and their serial correlations can be described by a modified

circle map, as presented in [98]. Those results suggest that optical neurons displaying

temporal spike correlations similar to biological ones, could be built using semicon-

ductor lasers. It would be very interesting to study the dynamics of small networks of

coupled semiconductor lasers in the LFF regime and to compare with biological neu-

ronal networks. In particular, it will be interesting to analyze how spike correlations

that encode an external input signal spread in a small network of coupled lasers (i. e.,

how the information about the input signal is transmitted to other lasers). These in-

vestigations are being carried out by Carlos Quintero-Quiroz and J. Aparicio Reinoso.
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