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In a diode laser, time-delay feedback induces chaos
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Similar to pattern formation in spatio-temporal systems

F. T. Arecchi et al, Phys. Rev. A 45, R4225 (1992).
C. Masoller, “Spatiotemporal dynamics of semiconductor lasers with feedback”,

Chaos 7, 455 (1997).



The space-time representation: a convenient way to
uncover underlying structure in data
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Space-time analogy

= Space-time dynamical systems and time-delayed
systems both live in an infinite phase space: an initial
function —in space or in time— needs to be specified in
order to obtain the system’s evolution.

= Do they have similar “attractors™?

= We analyze bi-stable systems, described by a state
variable u:

— Space time system: u(space, time)
— Time delay system: u(time).



1D Spatially extended system 1D Time delayed system

U, = u(t — 1)

du/dt = F(u) + yuy

¢ space 9y = F(u) + Da?u

variable
F(uy = —dV(u)/du = —u(u + 14+ ) (u — 1)
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Reconstruction of the attractors

Spatially extended system Time delayed system
du = F(u) + Ddju du/dt = F(u) + yu
X = U, yzaéu, 7= o X=u, V=u; Z=du/df

z=Fx,y) = F(x) + Dy 2D manifold
BUnner et al. PRL 1996
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C. Quintero-Quiroz, M. C. Torrent and C. Masoller, “State space reconstruction of
spatially extended systems and of time delayed systems from the time series of a
scalar variable”, Chaos 28, 075504 (2018).



Test: model of delay-coupled lasers
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Attractor reconstruction 7 — F(x. y) = F(x) + Yy
-

Try a polynomial function

Can we fit numerically the unknown parameters?
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C. Quintero-Quiroz, M. C. Torrent and C. Masoller, “State space reconstruction of
spatially extended systems and of time delayed systems from the time series of a

scalar variable”, Chaos 28, 075504 (2018).



Space-time analogy
Can we fit the time-delay system as a spatially extended
system using the space-time representation?
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X = uU. ) — 8,% u. 7= 0,u These partial derivatives have to be

estimated numerically

= Yes, we can obtain a good fit

fitted parameters and the model
— 5 parameters is unclear and needs to
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y be further investigated.
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Summary

*= The evolution of a bi-stable time-delay system and a bi-stable
spatially-extended system can be described, in a 3D phase
space (X,Y,z), by the same polynomial potential.

= More complicated bistable time-delay systems can be
described, approximately, in the same way.

Future work: can the 3D representation be useful to investigate
regime transitions, coupling and causal relations?
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