Quantifying diversity in multiplex networks
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What is diversity?

Takes into account three characteristics of a population:

= Diversity in some attributes
(e.g. atoms with different
masses, people with different
heights),

= Diversity of types (e.g., atoms
or molecules; males or
females),

= Diversity in configuration (e.g.,
configuration of atoms in a
molecule; hierarchical or
unstructured relations).
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In the context of multiplex e
networks: what is diversity? 5./’6¢ —
P

M (N x N) adjacency matrices, A= {A, A= AM} g H

o T P
= Different configurations ( connection W
paths) of the set of elements O
* the nodes
* the layers
= Two types:

* |ocal: paths that a node has in the different layers;
 global: how diverse the layers are.

= To quantify diversity we first need to define a “distance” to
compare

 the paths of a node in the different layers,
* the different layers. 3
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Some network distances dramming 1. 12) = > {Ag) ;éAgf)}

= Graph Edit distance: operations required to make graph G
Isomorphic to graph H.

= Entropy distances: entropy-like measures associated with
distributions extracted from the graphs.

= Spearman’s correlation coefficient: rank correlation between
sorted lists of vertices of the two graphs.

= Etc.
= Main problem: not all the links have the same importance.
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Node distance distribution

= NDD of node i in layer p: NP, (d) is the fraction of
nodes that are at distance d (shortest path) from
node i in layer p.

= The set of N distributions, NP, .... NP, contains
Information about the global topology of layer p, in a
compact way, and can be used to define a distance
between unlabeled graphs.

= |f two graphs have the same set of NDDs = they
have the same diameter, average path length, etc.

T. A. Schieber et al, Nat. Comm. 8, 13928 (2017)
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Transition matrix of a layer

TP is the adjacency matrix of layer p, rescaled by the
degree of each node.

1P, Is the probability that, in layer p, node | Is reached, in
one step, by a random walker located at node i in p.

It contains information about the local topology of layer p.
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1) To quantify the differences of the
connectivity paths of a node in two layers,

JIWTND) +\ g 1]
/T8 (2)

= 0O indicates that node | has identical connectivity
paths in layers p and q,

= 1 indicates that node | is not connected (or not
active) in one layer, while there are paths
connecting i to all nodes in the other layer

Di(p,q) =

2) To quantify differences between layers p and q

D(p,7) = (Di(P.7)):
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Examples
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Diversity measure

Main idea: the diversity of a system is defined by the distances
between its elements: the larger the distances, the more
different the elements are, and the more diverse the system is.

The distance between the element g ¢ S and the set S,
D(g; S), Is the smallest distance between g and any of the

elements of S, Pz 9) = Eliléﬂ{ﬁfﬂ)

Recurrent def.: U(S) = maxrges{U(S\5;) +D(5:,5\5)}
U(S)=0 if |S|=1
Diversity increases when a different element is included

U(SUg) > U(S)+ D7, S)
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Example

Step 0: D(a, b)=0.70, D(a, ¢)=0.21, D(a, d)=0.79,
D(b, ¢)=0.58, D(b, d) =0.69, D(c, d)=0.80

Step 1: S ={a, b, c, d}, layers a and c have the /
smallest distance value, and c is the layer that less ™" -
contributes to the diversity of S, as it is closer to — e 4 -
the remaining layers. Then, the first step gives -
U(S) = U(S1) + 0.21 where S1 = S-c. sy

Step 2: In S1 layers b and d present the smallest
distance value, and b is the layer that less
contributes to the diversity of S1. Therefore, o

U(S1) = U(S2) + 0.69 where S2 = S1 - b ={a, d}.
Step 3: U(S2) = D(a, d).
— U(S)=0.21 + 0.69 + 0.79 = 1.69

Carpi et al, Sci. Reports 9, 4511 (2019)
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Analysis of Europe air traffic network

Iberia (0.0585) Alitalia (0.0888)

More
similar
routes to
Vueling

Vueling

Ryanair (0.2262) Lufthansa (0.1724)

“ More
different
routes to
Vueling
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Elements can be ordered in terms of their
contribution to the diversity of the set.

Diversity ordering:

Star Alliance Oneworld

Skyteam

U=0.97 U=0.34 U=0.33

Diversity ordering of Star Alliance (from less to more contribution):

Brussels Airlines (BEL), Swiss Air (SWR), Polish Airlines (LOT),
Air Portugal (TAP), Aegean Airlines (AEE), Austrian Airlines
(AUA), Scandinavian Airlines (SAS), Turkish Airlines (THY),

Lufthansa (DLH)
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To summarize

New distance between unweighted labelled graphs.

Used to define the diversity of the connectivity paths of a
node in the different layers, and the diversity of the
connectivity paths of the whole set of layers.

Analysis of air alliances reveals which airlines, when joining
an alliance, optimally increase the diversity, bringing new
routes while minimizing overlapping ones; and which ones,
when leaving the alliance, less compromise the diversity of
the routes offered by the alliance.

Other applications: Carpi et al, Sci. Reports 9, 4511 (2019)
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