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Abstract

By means of numerical methods we explore the relevance of the high-order exterior mean motion resonances (MMR) with Nep
a scattered disk object (SDO) can experience in its diffusion to the Oort cloud. Using a numerical method for estimate the strengt
resonances we show that high-eccentricity or high-inclination resonant orbits should have evident dynamical effects. We investigate thees
of the Kozai mechanism (KM) for non-resonant SDO’s and the conditions that generate the KM inside a MMR associated with substantia
in eccentricity and inclination. We found that the KM inside a MMR is typical for SDO’s with Pluto-like or greater inclinations and is gen
by the oscillation ofω inside the mixed(e, i) resonant terms of the disturbing function. A SDO diffusing to the Oort cloud should exper
temporary captures in MMR, preferably of the type 1:N , and when evolving inside a MMR and experiencing the KM it can reach regions whe
strength of the resonance drops and consequently there is a possibility of being decoupled from the resonance generating by this way
high-perihelion scattered disk object (HPSDO).
 2005 Published by Elsevier Inc.
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E1. Introduction

It is not well established whether the trans-neptunian po
lation drops abruptly at around 50 AU or continues far awa
a not known function of the heliocentric distance(Morbidelli et
al., 2003). But since the work ofDuncan and Levison (1997)the
numerical simulations show a diffusion from the Edgewor
Kuiper belt through more extended regions of the Solar Sys
up to the Oort cloud(Fernandez et al., 2004). Then we ex-
pect some transient population with very high semi-major a
evolving in the called scattered disk (SD), a region that can
defined byq > 30 AU anda > 50 AU. This is sustained by th
discovery of several objects witha > 100 AU.

It has been found in recent numerical experiments the
ture of hypothetical scattered disk objects (SDOs) in high-o
exterior mean motion resonances (MMR) with Neptune
following very stable evolutions for timescales of gigaye
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(Gomes et al., 2005). It has also been found(Duncan and Lev-
ison, 1997)that objects captured in MMR also experime
the Kozai mechanism (KM)(Kozai, 1962)which is a long-
term coupled evolution of(e, i,ω) maintaining an approxi
mately constant value ofH = √

1− e2 cosi. Remarkably large
changes ine and i are associated with oscillations ofω and
this particular type of Kozai mechanism is usually known
Kozai resonance (KR). The MMR provides a the constanc
a and the KR can inject for long timescales the objects in h
perihelion high-inclined orbits or HPSDOs followingGomes et
al. (2005).

There is an extended literature about asteroids in MMR w
the planets, mainly with Jupiter, and about trans-neptunian
jects in MMR with Neptune. But, almost all works are referr
to low-order resonances insidea < 60 AU. There are som
exceptions that we should point out. For example, a tem
rary capture into the exterior 3:13 resonance with Neptune
already reported byDuncan and Levison (1997)for a very ec-
centric orbit. They also noted the KR is responsible for
increase of the perihelion distances. In a very different con
Chambers (1997)studied the stability of comets in high-ord
 112

113

114
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Fig. 1. Approximate localization of the exterior mean motion resonances with Neptune. High values of the orderq should correspond to less important resonan
from a dynamical point of view. Resonances of the type 1:N are the lowest-order resonances that a SDO encounter when diffusing outwards.
E

81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

ma
r

if-
e

en
R

ey
on
-
w
in
t
as

KR
cli

h o
icit
nc
re
ma
e s
te

of

tha
nd

ng
ven
igh-

o-
and

x-
nce
ap-

Sec-
plus
s the

re-

La-
bing
he

the
eed
ys-

bital
ion
U
N

C
O

R
R

exterior resonances with Jupiter. By means of a frequency
analysisRobutel and Laskar (2001)identify several high-orde
exterior MMR with Neptune in the regiona < 90 AU. They
found that for high-inclination resonant orbits the chaotic d
fusion is greater than for low-inclination ones; we will com
back to this point later.Gladman et al. (2002)showed a parti-
cle temporarily captured in the 1:5 resonance with an evid
KR associated. They also reported that clones of 2000 C105
were temporarily captured in high-order MMR.Kuchner et al.
(2002)studied the evolution of high-inclination KBOs and th
found some MMR acting together with the KM in the regi
a < 47 AU. Fernandez et al. (2004)reported captures in reso
nances up to the resonance 1:13. They found some cases
a MMR is associated with the KR producing high variations
perihelion distances.Gomes et al. (2005)reported the capture a
resonances of very high-order like 1:24. They found that an
sociation between high-order MMR with Neptune and the
is the responsible for large excursions in eccentricity and in
nation. They also found that this association MMR+KR seems
to be the rule for high-inclination orbits.

We know by basic celestial mechanics that the strengt
a resonance is approximately proportional to the eccentr
of the resonant orbit elevated to the order of the resona
and consequently we generally do not consider high-order
onances because their strengths should be vanishingly s
Then, why in the SD so high-order resonances can hav
strong effect to become evident? Why for Pluto-like or grea
inclination orbits in MMR the KR with big�e and�i seems
to be the rule? Why it does not appear independently
MMR? For example, at several figures fromGomes et al.
(2005) it seems that the KR appears almost immediately
a MMR is reached; why a so strong link between KR a
MMR?
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In this work we will try to answer that questions explori
the dynamics of the lowest order resonances in the SD. E
the lowest-order resonances in this region correspond to h
order resonances (Fig. 1). In Section2 after briefly presented
the sketch of the disturbing function for a SDO we will pr
pose a method for measure the strength of a resonance
we will apply it to several high-order MMR. In order to e
emplify, in the next sections we will focus on the resona
1:11 and we will explore in which circumstances the KR
pears inside and outside the MMR. At Section3 we analyze the
solutions generated by the secular terms exclusively. At
tion 4 we analyze the solutions generated by the secular
resonant terms looking for the circumstances that generate
KR with strong variations�e, �i. At Section5 we discuss
the origin of the KR in the SD and the conclusions are p
sented.

2. The disturbing function for SDOs and the strength of a
resonance

The time evolution of a SDO can be analyzed via the
grange’s planetary equations which depend on the distur
function R. In order to construct an analytical theory for t
dynamics of a SDO we need an expression forR. We will fol-
low the expansion ofEllis and Murray (2000)(EM) which, as
the authors explain, allows the calculation, to any order, of
terms associated with any individual argument without the n
for expanding the entire disturbing function. Considering a s
tem composed by the Sun, Neptune and a SDO with or
elements(a, e, i,�,Ω) the usual expression of the expans
for R is a series of terms of the form:

(1)R =
∑

C cos(ϕ)
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beingC a function of the form

(2)C = A(α)e
k3
N ek4s

k5
N sk6

with s = sin(i/2), A(α) being a function ofα = aN/a and

(3)ϕ = j1λN + j2λ + j3�N + j4� + j5ΩN + j6Ω,

where subscript N denotes Neptune. Theji are integers veri
fying

∑
ji = 0 with j5 + j6 being always even (D’Alember

rules) andki � |ji |. If ϕ is a quick varying angle the effec
of the corresponding term will vanish in the long-term evo
tion even if the coefficientC is not vanishingly small. Also if
ϕ is a slow varying angle butC is vanishingly small the term
again will not have a dynamical effect in the motion of the p
ticle. Then if we are interested in a correct description of
long-term dynamical evolution of the particle we must take i
account all the slow varying terms with non-negligible coe
cientsC; these are the resonant and secular terms. AseN, e, sN,
s are less than 1 we say that the corresponding term is of o
(k3 + k4 + k5 + k6). It is possible to simplify the analysis takin
a circular orbit for Neptune with zero inclination, that mea
eN = sN = 0. With this reasonable approximation the num
of terms involved drop considerably. It is also possible to t
into account inR the terms due to all major planets.

The secular terms are those not depending onλ nor λN and,
in general, aq-order resonance|p + q|:|p| occurs when the
general critical angle

(4)σ = −(p + q)λN + pλ + j3�N + j4� + j5ΩN + j6Ω

librates or have a slow time evolution. Due to the small ti
variation of the angles(�N,�,ΩN,Ω) this occurs approxi
mately for

(5)−(p + q)λN + pλ = θ ≈ constant,

which is equivalent to

(6)
n

nN
� p + q

p
,

where then’s are the mean motions. Then

(7)
1

α
= a

aN
�

(
p

p + q

)2/3

.

The integerp is known as the degree of the resonance and
follow the notation that takesp < 0 for exterior resonance
andp > 0 for interior resonances. AtFig. 1 we show the ap
proximate localization of the exterior resonances with Nept
deduced from the formula(7). For example, assuming that Ne
tune is the only perturbing planet and being in a circular o
with zero inclination it is possible to show that the disturb
function has only 6 terms with coefficients of order 10 cor
sponding to the resonance 1:11 (wherep = −11 andq = 10).
The 6 associated critical angles are defined from

(8)σj = (
λN − 11λ + (10− 2j)� + 2jΩ

)
with j = 0, . . . ,5. For low-inclination orbits we generally con
sider onlyσ0 but for high-inclination orbits the otherσ ’s be-
come relevant, this will be evident along this work. In this c
T
E

D
 P

R
O

O
F

er

e

e

t

the resonance is called mixed(e, i) MMR because the coeffi
cients of the resonant terms are combinations ofe and i (see
Section4). Theσj are not independent becauseσj = σ0 −2jω,
then for the study of the long-term evolution it is enough to f
low the anglesσ0 and ω, for example, where the first one
related to the MMR and the second one to the KR.

In analogy withSchubart (1968), in order to explore numer
ically the functionR for exterior resonant orbits and by mea
of a numerical integration of the exact disturbing function,
computed the value of the mean disturbing function

(9)R(θ) = 1

2π |p|

2π |p|∫
0

R
(
λN, λ(λN, θ)

)
dλN

for a given set of values of(α, e, i,�,Ω,θ), where we have
assumed

(10)−(p + q)λN + pλ = θ = constant

and whereR(λN, λ) is evaluated numerically, without the u
of a series expansion as in(1). This mean disturbing function i
valid for a particle that strictly satisfies the condition above
we will consider it representative also for a SDO with a sl
time evolution of the critical angleσ , at least during the perio
of time in which the integral(9) is calculated. We repeat fo
a series of values ofθ between(0,2π) obtaining a numerica
representation ofR(θ). By its way this function give us a nu
merical representation of the resonant disturbing function.
call DR to the maximum relative variation ofR(θ):

(11)DR= Rmax(θ) − Rmin(θ)

〈R〉
being 〈R〉 the mean value ofR with respect toθ . The func-
tion DR depends on(e, i,ω) and is a kind ofsensibility to the
critical angle because it measures the effects ofθ on the dis-
turbing function. If DR∼ 0 we haveR almost independent o
the critical angle and the coefficientsC from (2) will be van-
ishingly small. Consequently it can be taken as an indicato
the strength and the dynamical effects on the particles evol
near that resonance. For low-eccentricity and low-inclina
orbits DR should follow the functioneq .

As an example we show atFig. 2 the results for the 10th
order resonance 1:11 for two inclinations and for the c
ω = 0◦. For comparison is showed the trend of the functione10

which represents the leader term in the expansion of the
onant disturbing function for low-inclination orbits. The tre
of DR follows very well the functione10 for low-inclination
orbits but big discrepancies show up for high-inclination on
This is due to the relative weight of the resonant terms dep
ing on i that show up at non-zero inclinations. It is evident t
in spite of the order of the resonance for high eccentricities
strength grows considerably. It is also clear the strength in
eral is greater for high-inclination orbits, except at very h
eccentricities.

This procedure is applied to the resonances of the typeN

which are the lowest-order resonances that a SDO find w
diffusing outwards. The results are shown atFig. 3 for low-
inclination orbits and atFig. 4 for high-inclination orbits. We
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Fig. 2. The strength DR(e, i,ω) of the resonance 1:11 for low- and high-inclination orbits computed numerically forω = 0◦. For comparison it is shown the trend
the functione10, the leader term in the expansion of the resonant disturbing function for the casei ∼ 0◦, which approximately follows the trend for low-inclinatio
orbits.

Fig. 3. The strength DR as a function of the eccentricity of the SDO’s for low-inclination (i = 2◦) resonant orbits of the type 1:N . DR follows very approximately
the trend of the functionseq beingq the order of the resonance. Caseω = 0◦.
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Nexcluded orbits with perihelion distances less than 31 AU in

der to avoid the strong perturbations by Neptune. To hav
idea of the necessary strength for a resonance to subsist
outer Solar System we have calculated DR for the known ca
dates to Twotinos(Chiang et al., 2003)obtaining DR> 0.5 for
all cases. Values of DR less than 10−4, for example, certainly
cannot produce large dynamical effects, that means, lockin
resonance. On the other hand, high values for DR only prod
significant dynamical effects when the critical angle librates
-
n
he
i-

in
e

We note that the object 2000 CR105 has a barycentric sem
major axis,a � 221 AU, near the 1:20 resonance (a1:20 �
222 AU). If this object were located in that resonance, tak
into account its eccentricity (e ∼ 0.8), inclination (i ∼ 22◦), and
argument of perihelion (ω ∼ 317◦), the corresponding valu
for the strength of the resonance would be DR� 0.076 which
we consider is high enough for a resonance to show u
the SD. There are other resonances near the semi-majo
of this object although of very high order like, for examp
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Fig. 4. The strength DR as a function of the eccentricity of the SDOs for high-inclination (i = 40◦) resonant orbits of the type 1:N . The functions DR are greate
than the low-inclination corresponding ones and they depart from the trend ofeq . Caseω = 0◦.
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a2:39 � 218 AU. In spite of being of very high order this res
nance is also strong (DR� 0.057) but with a nominal value o
a2:39 more separated from 221 thana1:20. In other words, taking
into account the strength of the resonances near the semi-m
axis of 2000 CR105 and the difficulties in the orbital determin
tion of this kind of objects it would not be surprising that th
object were captured in the resonance 1:20.

Looking atFigs. 3 and 4we find, as a general rule, that f
higher eccentricities we expect stronger dynamical effects.
is a confirmation of that we could deduce looking at the exp
sion of the disturbing function where the leader resonant te
are proportional toeq . Then it is possible that high-order res
nances show up in the SD when thee grows enough. Anothe
interesting result, as we have already pointed out, is that hig
inclination resonant orbits should produce stronger resonan
fects, that means high-inclination orbits could be sustaine
resonance with smaller eccentricities than low-inclination
bits. It is interesting to note thatChambers (1997)in a different
framework concluded that librations will be more prevalen
comets with highly inclined orbits. We do not analyze here
stability of this kind of orbits but we find the resonant effe
should be more evident for high-inclination orbits. This is
agreement withRobutel and Laskar (2001)where it is showed
that high-inclination resonant orbits in the regiona < 90 AU
have a diffusive process more evident than low-inclination
onant orbits.

All this indicate that mixed MMR with Neptune involvin
(e, i) should have an important role in the scattered disk. Bu
invoke a high-inclination high-perihelion population captur
in high-order MMR with Neptune it is necessary to have
idea of the stability of these orbits. In order to show the
portance of the eccentricity and inclination in the strength
a high-order MMR and to have an idea of the stability
T
E

D
 

jor

is
-
s

r-
f-
n
-

-

f

have numerically integrated the system composed by the
Neptune and some particles at the 1:11 resonance and lo
for the evolution of the critical anglesσj . Then we repeate
the experiments including Uranus. We found that orbits w
e < 0.2 never resonate due, probably, to the vanishingly sm
resonant potential compared with the short-period perturba
produced by Neptune. Orbits withe > 0.3 can evolve in reso
nance and for higher eccentricities and inclinations we obta
more critical anglesσj librating, but when including Uranu
only some high-inclination orbits remains locked in the re
nance (seeFigs. 5 and 6). Then, for a given eccentricity and du
to short-period planetary perturbations, high-inclination re
nant orbits have more chances of surviving with respect to
low-inclination ones.

In the next sections we will investigate which terms of
expansion of the disturbing function for a resonant SDO
relevant for the dynamical evolution, how that evolution co
be and why the KR appears. We will focus on the specific 1
high-order MMR but the reasoning can be generalized to o
high-order resonances.

3. Secular dynamics near the resonance 1:11

Looking carefully at expression(1) of the original expansion
we will find several terms depending onλ. Taking into accoun
we are studying a far object with an orbital period 11 times
orbital period of Neptune we can doubt if all the argumentϕ

depending onλ are quick varying variables. By semi-analytic
methods or direct numerical integration it is possible to ob
the period of the small amplitude librations of the associa
critical anglesσj for this resonance. The libration period resu
to be at least an order of magnitude greater (around 104–105 yr)
than the circulation period ofλ (1820 yr), then we can discar
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Fig. 5. Librations of a low-inclination (i � 2◦) resonant orbit withe � 0.5 strongly perturbed by Uranus. The critical anglesσj are defined following expression(8).
The strength of this resonant orbit corresponds to DR� 0.0017.

Fig. 6. Librations of a high-inclination (i � 40◦) resonant orbit with the same eccentricity (e � 0.5) asFig. 5surviving to the perturbations by Uranus. The critic
anglesσj are defined following expression(8) and in this case DR� 0.0044. This stability is attributed to greater values of DR than in low-inclination orbits.
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Cthe terms depending onλ and consider only the resonant a
secular terms.

As we are analyzing a 10th-order resonance we will c
sider the secular terms of the EM expansion of the disturb
function for a SDO due to Neptune up to order 10 which du
D’Alembert rules results:

Rsec=
10∑

j,k=0

Bjk(α)ej sk + cos(2� − 2Ω)

10∑
j,k=2

Cjk(α)ej sk

(12)+ cos(4� − 4Ω)

10∑
Djk(α)ej sk,
j,k=4
-
g

whereBjk , Cjk , andDjk are functions ofα. We can conside
the secular terms due to all four giant planets but this d
not introduce notable qualitative changes in the dynamical
lution. Secular resonances do not occur at this far regio
the Solar System because the rates of change of the nod
perihelion of the particle are very low in comparison with t
corresponding values for the planets (or more properly: in c
parison with the fundamental frequencies of the Solar Syst
This justify the elimination of the secular terms involving�N

andΩN.
It is also possible to evaluate numericallyRsecby means of
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Fig. 7. Comparison between the EM analytical expansion and numerical computation of the exact secular disturbing function (crosses) using expon (13)
evaluated ati = 39.8◦, ω = 57.3◦ and takingG = mN = 1.
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(13)Rsec= 1

4π2

2π∫
0

2π∫
0

R(λN, λ)dλN dλ,

whereλ andλN are now independent so the condition(10)does
not apply.Fig. 7comparesRsec(e, i � 40◦,ω � 57◦) from (12)
with a numerical evaluation from(13) which do not use any
series expansion. It is known that this kind of expansion
verges fore > 0.66(Ferraz-Mello, 1994)and near that limit the
convergence is slowly reached, that means, it is necessa
consider more and more terms.

We checked the EM expansion secular part(12)with the nu-
merical integration(13) and it represents well the exact secu
disturbing function at least in the range (e < 0.6, i < 70◦). Then
we consider it appropriate for a secular non-resonant mod
this region.

3.1. Kozai mechanism for non-resonant orbits

We are interested in the determination of the circumstan
that allow for the KM with significative changes in eccentric
and inclination. The Lagrange’s secular equations for de/dt and
di/dt using(12)are expressions of the form

(14)
d(e, i)

dt
= (f2, g2)sin(2ω) + (f4, g4)sin(4ω),

where the coefficientsfj andgj are functions depending onα,
e, i. A particle evolving this way will show the KM characte
ized by coupled evolution ine, i, ω maintaining the paramete
H = √

1− e2 cosi as a constant of motion. This can be sho
writing dH/dt as function of de/dt and di/dt and then substi
tuting with the corresponding planetary equations fore and i.
Taking into account that∂Rsec/∂� + ∂Rsec/∂Ω = 0 we obtain
dH/dt = 0.
T
E

D
 

-

to

in

s

The quick circulation ofω is a guarantee that the sign
the temporal derivatives(14) switches time to time avoidin
an uncontrolled growing of eccentricities and inclinations. T
guarantee can be missed ifω̇ ∼ 0 and if thef ’s and g’s are
not vanishingly small (KR). In order to identify initial cond
tions conducing to evolutions with high variations ine and i

a good starting point will be to investigate whenω̇ ∼ 0. It is
known that beyond Neptune this situation only occurs for v
high-inclination orbits(Thomas and Morbidelli, 1996).

We made an analysis of the rates of changes of� , Ω , and
ω for a SDO’s witha = a1:11 but considering only the secula
terms due to the perturbations of the four major planets in
disturbing function. We solved numerically the system of L
grange’s planetary equations including the equations give
(14)obtaining the time evolution ofe, i, � , Ω with initial con-
ditions in the region (e < 0.6, i < 70◦).

We found�̇ > 0 for i < 45◦ and �̇ < 0 for higher incli-
nations. On the other hand, we havėΩ < 0 in all range of
inclinations and eccentricities studied. AtFig. 8 we show|ω̇|
in grey scale calculated from the Lagrange’s planetary e
tions. Almost null values are showed as black regions. T
figure shows very slight variations according to the initial v
ues adopted forω. The Kozai resonance appears around
region whereω̇ ∼ 0 and that situation only occurs for hig
inclination orbits (i ∼ 63◦, also known ascritical inclination)
being ω̇ > 0 for i < 63◦ and ω̇ < 0 otherwise.Kuchner et al.
(2002)found the same result but for high-inclination classi
KBOs.

At Fig. 9we show an example of an hypothetical SDO w
a = a1:11 that was obtained integrating numerically the L
grange’s planetary equations considering only the secular t
of the disturbing function for all the major planets. At this hi
inclination the coefficientsf ’s andg’s are greater than at low
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Fig. 8. Values for|ω̇| in gray scale from the Lagrange’s planetary equati
considering only the secular terms given byRsec from Eq. (12) for an hypo-
thetical SDO witha = a1:11. Black regions correspond tȯω ∼ 0. The region
below i ∼ 63◦ corresponds tȯω > 0 and for higher inclinationṡω < 0.

inclination contributing even more to de/dt and di/dt . Note the
constancy ofH which reflects not other thing than the precisi
of the numerical solution.

By this way we calculated the orbital evolution for seve
SDOs with different initiale, i and we confirm that at very hig
inclinations the KR dominates the evolution, but for low inc
nations the smallness off ’s andg’s and the relatively quick
variation ofω produces no more than very small amplitude
cillations of e, i. As we explain in the next section we al
investigated the secular evolution in the region of higher
centricities by means of the numerical integration of the
C
T
E

D
 P

R
O

O
F

-

equations of motion finding a similar behavior than the
scribed here.

Then from this analysis we conclude that for typical inc
nations in the scattered disk and considering only the sec
perturbations we cannot expect nothing but a constant
evolution of � , Ω , and ω, providing by that way very low
amplitude oscillations ine and i. In the next section we wil
investigate the more interesting dynamical effects generate
the resonant terms.

4. Long-term evolution inside the resonance 1:11

From the EM expansion it is possible to show that ass
ing circular- and zero-inclination orbit for Neptune the princip
terms of the resonance 1:11 are:

(15)Rres=
5∑

j=0

A2j (α)e10−2j s2j cos(σj ),

whereσj is given by(8) and theA2j are functions depend
ing only on α being the first three terms the most importa
ones.A2 is of an order of magnitude greater thanA0 andA4
but considering they are multiplied bye10−2j s2j it results that
the two first terms (j = 0,1) are the most important being
the same order for non-negligible inclinations. These 6 reso
terms are all 10th-order on the small parameterse, s and are the
most important terms corresponding to the resonance bec
the next ones following in the expansion of the disturbing fu
tion are of order 14th. One must take care of working ins
the convergence domain of the resonant part of the expan
which is the case using the EM expansion providede < 0.66
as we have mentioned earlier. Also, if we are planing to use
10th-order expression(15)we should work well under that limi
because of the slowness of the convergence of the series
series truncated at 10th order, for example, fails in reprod
ing the asymmetric librations characteristics of the resona
of the type 1:N (Beaugé, 1994)that for the resonance 1:11 w
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Fig. 9. The KR at very high inclinations. A very slow evolution of a SDO witha = a1:11 inside the KR obtained integrating numerically the Lagrange’s plane
equations considering only the secular terms of the disturbing function due to the four major planets. Note the constancy of H.
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found they appear fore > 0.5, then we cannot use it to resolv
the corresponding Lagrange’s planetary equations for suc
centricities. It would be necessary to take higher harmonic
order to obtain the correct asymmetric librations.

For low eccentricities the expression(15) is valid and the
equations for de/dt and di/dt considering only resonant term
in the disturbing function are expressions of the form:

(16)
d(e, i)

dt
=

5∑
j=0

(
f ′

j , g
′
j

)
sin(σj ),

where thef ′
j andg′

j are functions depending on(α, e, i). The
Lagrange’s planetary equations for the resonant case are
stantially more complicated than the secular case (see, fo
ample,Murray and Dermott (1999, p. 252)). The system is
completed with the equations for the other elements and
can solve it numerically. We can obtain different solutions fr
different initial conditions and we can also generate differ
families of solutions from the different terms of(15). This pro-
cedure would allow us to have an idea of the relevance and
effect of each term in the resonant motion. From the sev
numeric experiments we performed we can advance tha
resonant terms depending onσ0 andσ1 are the main respons
ble of significative changes ine, i.

The corresponding equations for the complete (secular
resonant) evolution of de/dt and di/dt are combinations of ex
pressions similar to(14) and (16):

(17)

de

dt
= f2 sin(2ω) + f4 sin(4ω) + · · · + f ′

0 sin(σ0)

+ f ′
1 sin(σ1) + · · · ,

(18)

di

dt
= g2 sin(2ω) + g4 sin(4ω) + · · · + g′

0 sin(σ0)

+ g′
1 sin(σ1) + · · · .
T
E

D
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F
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e

t

e
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e

s

As we are interested in SDO’s showing some evolution
a this imply q � 36 ande > 0.76 for the resonance 1:11. The
we cannot use these expressions to resolve the Lagrange’s
etary equations so, to explore the high-eccentricity orbits,
will move to numerical integrations of the full equations
motion. Anyway, in our qualitative analysis of the obtained
merical solutions we will use the expressions(17) and (18)as an
approximate description of the terms affecting de/dt and di/dt .

The existence of the resonant terms breaks the constan
H but maintain

(19)
√

a

(
H − (p + q)

p

)
= constant

(Gomes, 1997). Then, the librations imposed toa by the reso-
nant terms will produce small amplitude oscillations inH .

4.1. KM for high-eccentricity resonant orbits

We performed a series of numerical integrations of SDO
them with initiala = 149.08 AU,e = 0.7, i = 20◦, ω = 90◦ and
with initial conditions corresponding for orbits from outside t
resonance to the deep resonance. The only perturbing p
considered was Neptune and it was assumed in circular-
zero-inclination orbit with initialλN = 304.3◦.

4.1.1. Outside the resonance: circulation of σ0
Fig. 10corresponds to a SDO which evolves outside the

onance with circulation of all the critical angles. The argum
of the perihelion circulates witḣω > 0 as expected from ou
secular study extrapolating toe > 0.6. It is a typical secula
evolution without significative changes ine, i. The quick circu-
lation of all theσj produces no net effect on Eqs.(17) and (18)
and only the more slow evolution ofω introduces the long
period small amplitude coupled oscillations ofe, i trough the
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Fig. 10. A numerical integration of the full equations of motion for a SDO evolving outside but near the resonance 1:11. For this inclination the KM iesent
producing small amplitude librations ofe, i. Neptune was taken witheN = iN = 0.
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Fig. 11. A numerical integration of the full equations of motion for a SDO evolving in the shallow resonance with external high amplitude librations ofσ0. These
librations are around a center located atσ0 = 180◦ and wrap the asymmetric librations around centers located atσ0 ∼ 90◦ andσ0 ∼ 270◦. The evolution is similar
to Fig. 10plus a short-period oscillation ofe andH due to the resonant terms.
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small amplitude secular terms likef2, f4, g2, g4. The KM is
present producing the coupled evolution of(e, i,ω) maintain-
ing constant the parameterH .

4.1.2. Shallow resonance: external high amplitude libration
of σ0

Fig. 11corresponds to a SDO evolving with very high amp
tude librations ofσ0. These librations are exterior to the regi
covered by the smaller amplitude asymmetric librations i
similar way as a horseshoe trajectory wraps the tadpoles i
case of trojans. Also, as in the previous case,ω slowly circu-
lates. The critical anglesσj with j > 0 show the same behavio
thanσ0 but with an associated drift that increases asj increases
The drift is clearly due to the evolution ofω, that is easily ex-
plained becauseσj = σ0 − 2jω. Again, no drastic changes
e, i are obtained which we attribute to the quasi-circulation
all critical angles. The resonance produces very small am
tude oscillations ine anda and the associated oscillations inH

given by Eq.(19).

4.1.3. Deep resonance: internal asymmetric libration of σ0
Fig. 12 corresponds to a SDO evolving with small amp

tude librations of the principal critical angleσ0 and important
associated variations�e, �i due of the KR. Time to time the
librations switch between both libration centers. The critical
glesσj also librate with the associated drift in their libratio
centers due to the oscillations ofω. We also confirmed that th
libration period is the same for all theσ ’s which is due to the
fact thatσ̇j = σ̇0 − 2jω̇ and|ω̇| 
 |σ̇0|.

Finally, Fig. 13 corresponds to a SDO evolving with ve
small amplitude librations of the principal critical angleσ0 but
in this caseω is circulating. Consequently, the other critical a
gles also librate with the associated drift due to the circula
of ω producing a net slow circulation of the libration cente
C
T
E

D
 

e

f
i-

-

In this case the variations ine, i are modest in compariso
with Fig. 12. All this suggests that terms likef ′

1 sin(σ1) and
g′

1 sin(σ1) (i.e., the terms depending onσ1 = σ0 − 2ω) are the
responsible for the different behavior betweenFigs. 12 and 13
as we will explain below.

Note that inFigs. 11–13the resonance is showed by mea
of the librations ofa andσ0, however, the oscillations ofe and
i over a libration period ofσ0 are very small. If we use the EM
expansion for estimating the resonant terms that appear in(17)
and (18)we find they are 2 orders of magnitude greater than
secular ones but evidently they are not big enough to prod
an important oscillation one, i after a libration period as ca
be clearly seen in all the figures. We remark: the secular te
are not relevant compared with the resonant ones, and thes
ones have no enough importance to produce large libratio
e, i. Why then we do see the long term high amplitude va
tions ine, i?

This apparent contradiction is explained looking for exam
at the libration center ofσ1 which is not fixed but slowly mi-
grates or switches between different values. Sometimes, fo
ample whenσ1 librates around 0◦ or 180◦, terms likef ′

1 sin(σ1)

do not contribute to de/dt and the eccentricity will be near
maximum or minimum. On the other hand, whenσ1 librates
around 90◦ or 270◦ those terms contribute sustainedly mak
the eccentricity to change substantially. The contribution gi
by the terms depending on the critical angleσ0 are not the mos
important ones for the variations of de/dt and di/dt and this is
showed atFig. 13were the time evolution ofe, i is linked to
the libration center ofσ1. As σ1 = σ0 − 2ω it results that the
evolution of the libration center ofσ1 is determined by the tim
evolution ofω.

Whenσ0 andω librate the time evolution ofe, i become the
most drastic because all the quasi-constant contribution from
the resonant terms act together. This corresponds withFig. 12.
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Fig. 12. A numerical integration of the full equations of motion for a SDO evolving in the deep resonance with all critical angles librating. The shoperiod
oscillations due to the resonant terms have very small amplitude but there is a long-term high amplitude trend due to the KR.

Fig. 13. A numerical integration of the full equations of motion for a SDO evolving in the deep resonance with very small amplitude libration ofσ0 but circulation
of the otherσj . The KM produces modest long-term oscillations ofe, i.
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CSee inclusive how the sign of de/dt and di/dt changes when
the libration center ofσj switches between∼90◦ and∼270◦
accordingly with the change of sign of sin(σj ). The evolution
of e, i is modulated by the libration center ofσ1 which is de-
termined by the evolution ofω. This extreme case with allσj

librating occurs whenω librate (KR) and now this is possible
i < 63◦ due to the effects of the resonant terms in the time e
lution of ω which is defined by an equation analogous to(18).
This is consistent with the Figs. 12–14 ofGomes et al. (2005
where the exterior high amplitude librations around 180◦ are
not associated with significative changes ine, i whereas li-
-

brations around 90◦ and 270◦ with associated librations ofω
do. When we consider the actual eccentricity and inclinatio
Neptune’s orbit the�e, �i obtained are something greater d
to the associated forced modes due to Neptune. Another i
esting point is that the libration amplitude of theσj grow for
lower eccentricities allowing switching between libration ce
ters and eventually breaking the resonant motion.

An alternative way to see the KR inside a mean motion
onance is located at different inclination and has a stron
strength is the following. Writeσ1 asσ0 − 2ω in (17) and (18)
and expand sin(σ1) as: sin(σ0)cos(2ω)−cos(σ0)sin(2ω). Then
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average(17) and (18)over a libration period ofσ0. It is ev-
ident that

∮
cos(σ0)dσ0 �= 0, where

∮
represents the integra

over a libration cycle, and that
∮

sin(σ0)dσ0 is also non-zero
in case of asymmetric librations. Thus the averaged equa
(17) and (18)contain terms proportional tof ′

0, f ′
1, g′

0, g′
1 unlike

the secular equations(14). As said before, the primed coeffi
cients are larger than the non-primed coefficientsf andg. Thus
the equations describing the KR in a mean motion reson
are significantly different from those applicable to the pur
secular case. This explains why the KR appears at a diffe
inclination, and its strength is in general stronger than outsi
mean motion resonance.

5. Discussion and conclusions

The secular equations excluding resonant terms provide
possibility of the Kozai resonance with relevant changes�e, �i

for a SDO but only for very high-inclination orbits (i ∼ 63◦, the
critical inclination). The KR for lower inclination orbits is ob
tained only when considering the full equations of motion
a resonant case and we have provided arguments that ind
that the resonant mixede, i terms are responsible for such b
havior.

The strong changes ine, i that we observe inside the res
nance are not due to the effects of the secular terms directl
to the resonant ones and more specifically due to the os
tions of the libration center ofσ1 generated by the oscillation
of ω (KR). That is why the KR is linked to MMR. That is wh
Gomes et al. (2005)found captures in the KR almost imm
diately that an object is captured in asymmetric librations
those orbits having Pluto-like or greater inclinations, which
condition for the mixede, i resonant term to show up and f
the KR to be installed.

With respect to the mechanism of trapping into the MM
looking at examples presented byGomes et al. (2005)we can
conclude that the SDO first is captured in exterior libratio
by stochastic evolution ina when evolving to the Oort cloud
Then, temporary captures in high amplitude asymmetric
brations follows producing the most evident orbital chan
associated with KR. We did not investigated the details
the transitions between exterior librations and the asymm
ric ones but it is possible that the variations�e,�i due to the
KM or even the forced modes due to Neptune’s eccentri
that we did not considered here could have some role in
process.

We can summarize some conclusions of this work:

1. High-order exterior MMR (and specially those of the ty
1:N ) with Neptune have significant dynamical effect in t
SD specially on orbits of highe and/or highi.

2. For a given eccentricity, resonances with libration cen
located at high inclination are stronger than resonan
with libration centers located at low inclination.

3. Whereas outside a MMR significant�e and�i due to KR
only appears at very high inclinations, inside a MMR t
occurs at Pluto-like or greater inclinations due to the
cillation of ω inside the mixed(e, i) resonant terms. Thi
C
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O
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behavior should be the rule for SDOs with Pluto-like
greater inclinations captured in MMR.

Taking all this into account a possible evolutive path fo
SDO can be summarized as follows:

1. According toFernandez et al. (2004), the SDO experiment
a stochastic evolution ina maintaining the perihelion dis
tance 31� q � 36 AU and with stochastic evolution fori.

2. As a grows, necessarilye grows and also the strength D
of the resonances neara. If the associated critical angle
circulate those resonant terms does not show up.

3. Whena reaches someares (and specially whena � a1:N )
the critical angles start to librate and the SDO can be loc
in MMR. We calculated the parameter DR for the captu
showed byGomes et al. (2005)and in general they corre
spond to DR> 0.01, it seems that for a lesser strength
the resonance the possibility of being locked in resona
in the real outer Solar System drops significantly. All re
nances of the kind 1:N we have studied here for orbits wi
31� q � 36 AU satisfy this conditions, then the capture
resonances of the type 1:N should not be surprising.

4. If the i is Pluto-like or greater, mixed(e, i) resonant terms
dominate the evolution and the KR appears allowing
correlated�e, �i and the SDO is injected at least tem
porarily in timescales of 108–109 yr in a high-perihelion
high-inclination high-order MMR. By this way the obje
contributes to maintain a long-lived population of HP
DOs(Gomes et al., 2005). Trajectories in the space(e, i,ω)

due to the KM do not follow a constant value for DR b
ing smaller for the lower values ofe. That means it would
be possible that due to the planetary perturbations, pe
bations by agents external to the Solar System or o
mechanisms like planetary migration the resonance b
at high-perihelion highi and freezing the SDO in a regio
with a very long lifetime.
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