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Abstract 77

By means of numerical methods we explore the relevance of the high-order exterior mean motion resonances (MMR) with Neptuffe ti
a scattered disk object (SDO) can experience in its diffusion to the Oort cloud. Using a numerical method for estimate the strength dP the
resonances we show that high-eccentricity or high-inclination resonant orbits should have evident dynamical effects. We investigate ¢ise pf8pe
of the Kozai mechanism (KM) for non-resonant SDO’s and the conditions that generate the KM inside a MMR associated with substantial chani
in eccentricity and inclination. We found that the KM inside a MMR is typical for SDO’s with Pluto-like or greater inclinations and is generated
by the oscillation ofw inside the mixede, i) resonant terms of the disturbing function. A SDO diffusing to the Oort cloud should experierge
temporary captures in MMR, preferably of the typ&1and when evolving inside a MMR and experiencing the KM it can reach regions where ghe
strength of the resonance drops and consequently there is a possibility of being decoupled from the resonance generating by this way a Igng-
high-perihelion scattered disk object (HPSDO).
0 2005 Published by Elsevier Inc.
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1. Introduction (Gomes et al., 2005)t has also been foun@uncan and Lev- ,

ison, 1997)that objects captured in MMR also experiment,

It is not well established whether the trans-neptunian poputh® Kozai mechanism (KMjKozai, 1962)which is a long-
lation drops abruptly at around 50 AU or continues far away inf€m coupled evolution ofe, i, ) r211a|nFa|n|ng an approxi- o
a not known function of the heliocentric distar@éorbidelli et ~ Mately constant value df = v'1 — e%cosi. Remarkably large
al., 2003) But since the work obuncan and Levison (199fe ~ ¢hanges ire andi are associated with oscillations efand o,
numerical simulations show a diffusion from the Edgeworth-thiS particular type of Kozai mechanism is usually known ag,
Kuiper belt through more extended regions of the Solar Systerf{0Zai resonance (KR). The MMR provides a the constancy qf
up to the Oort cloudFernandez et al., 2004Then we ex- ¢ and the KR can inject for long timescales the objects in highg,
pect some transient population with very high semi-major axi@€fihelion high-inclined orbits or HPSDOs followiigomes et

evolving in the called scattered disk (SD), a region that can bé‘l' (2005)

- . . - . 102
defined by > 30 AU anda > 50 AU This is sustained by the Thlere is an e_the”d?ﬁ gter?‘t“re ag"‘g asteroids in MMR witf,
discovery of several objects with> 100 AU. the planets, mainly with Jupiter, and about trans-neptunian ol

It has been found in recent numerical experiments the cadSeCtS in MMR with Neptune. But, aimost all works are referred

ture of hypothetical scattered disk objects (SDOs) in high-orde}o low-order resonances inside< 60 AU. There are some

exterior mean motion resonances (MMR) with Neptune andXCePtions that we should point out. For example, a tempgs,

following very stable evolutions for timescales of gigayears &Y capture into the exterior 3:13 resonance with Neptune wag
g y gigay already reported bfpuncan and Levison (19979r a very ec- ¢

centric orbit. They also noted the KR is responsible for the,

* Fax: +598 2 5250580. increase of the perihelion distances. In a very different context,
E-mail address: gallardo@fisica.edu.uy Chambers (19973tudied the stability of comets in high-order,,
0019-1035/$ — see front mattét 2005 Published by Elsevier Inc. 113
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Fig. 1. Approximate localization of the exterior mean motion resonances with Neptune. High values of thesirdeld correspond to less important resonances,

from a dynamical point of view. Resonances of the typ€ &re the lowest-order resonances that a SDO encounter when diffusing outwards. 80

81

exterior resonances with Jupiter. By means of a frequency map In this work we will try to answer that questions exploringg2
analysisRobutel and Laskar (2001dentify several high-order the dynamics of the lowest order resonances in the SD. Evé&h
exterior MMR with Neptune in the region < 90 AU. They the lowest-order resonances in this region correspond to high-
found that for high-inclination resonant orbits the chaotic dif-order resonance$ig. 1). In Section2 after briefly presented 8
fusion is greater than for low-inclination ones; we will come the sketch of the disturbing function for a SDO we will pro-86
back to this point latetGladman et al. (20023howed a parti- pose a method for measure the strength of a resonance &nhd
cle temporarily captured in the 1:5 resonance with an evidentve will apply it to several high-order MMR. In order to ex- 88
KR associated. They also reported that clones of 2000€R emplify, in the next sections we will focus on the resonanc#
were temporarily captured in high-order MMRuchner et al.  1:11 and we will explore in which circumstances the KR ap%
(2002)studied the evolution of high-inclination KBOs and they pears inside and outside the MMR. At Sectiwe analyze the
found some MMR acting together with the KM in the region solutions generated by the secular terms exclusively. At Se¥-
a < 47 AU. Fernandez et al. (2004¢ported captures in reso- tion 4 we analyze the solutions generated by the secular plés
nances up to the resonance 1:13. They found some cases weggonant terms looking for the circumstances that generates the
a MMR is associated with the KR producing high variations inKR with strong variationsAe, Ai. At Section5 we discuss 9%
perihelion distance§&somes et al. (2005kported the capture at the origin of the KR in the SD and the conclusions are pre¥

resonances of very high-order like 1:24. They found that an assented. 97
sociation between high-order MMR with Neptune and the KR 98
is the responsible for large excursions in eccentricity and incli2, The disturbing function for SDOs and the strength of a 99
nation. They also found that this association MMKRR seems  resonance 100
to be the rule for high-inclination orbits. 101

We know by basic celestial mechanics that the strength of The time evolution of a SDO can be analyzed via the Lat®
a resonance is approximately proportional to the eccentricit@range’s planetary equations which depend on the disturbift
of the resonant orbit elevated to the order of the resonancgnction R. In order to construct an analytical theory for the'®*
and consequently we generally do not consider high-order regtynamics of a SDO we need an expressionKoVe will fol- 1%
onances because their strengths should be vanishingly smaly the expansion oEllis and Murray (2000JEM) which, as
Then, why in the SD so high-order resonances can have s@e authors explain, allows the calculation, to any order, of th&’
strong effect to become evident? Why for Pluto-like or greateterms associated with any individual argument without the neétf
inclination orbits in MMR the KR with bighe and Ai seems  for expanding the entire disturbing function. Considering a sys%
to be the rule? Why it does not appear independently of ggm composed by the Sun, Neptune and a SDO with orbit4f
MMR? For example, at several figures froBomes et al. glementyq, e, i, =, £2) the usual expression of the expansiort™*
(2005) it seems that the KR appears almost immediately thajy, R is a series of terms of the form: 112
a MMR is reached; why a so strong link between KR and 113
MMR? R=Y"Ccody) (1) 14
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beingC a function of the form the resonance is called mixéd, i) MMR because the coeffi- 58
ks ks ks k cients of the resonant terms are combinationg ahdi (see 59
C=A(@eyesys™ (2)  sectiord). Theo; are not independent because= op — 2jw, 60
with s = sin(i /2), A(e) being a function ofc = an/a and then for the study of the long-term evolution it is enough to fols:
low the anglessp and w, for example, where the first one is 62
@ = j1AN + j2r + 3N + jaw + j582N + jes2, (3) related to the MMR and the second one to the KR. 63

In analogy withSchubart (1968)in order to explore numer- 64
ically the functionR for exterior resonant orbits and by meanss
of a numerical integration of the exact disturbing function, wes

where subscript N denotes Neptune. There integers veri-
fying > j; = 0 with j5 + js being always even (D’Alembert
rules) andk; > |j;|. If ¢ is a quick varying angle the effect

of the corresponding term will vanish in the long-term evolu-Compmed the valuef the mean disturbing function o7
tion even if the coefficienC is not vanishingly small. Also if 27 |p| Z:
¢ is a slow varying angle but' is vanishingly small the term gy — 1 R(An, AAN, 6)) din ©
again will not have a dynamical effect in the motion of the par- 27| p|

ticle. Then if we are interested in a correct description of the "

long-term dynamical evolution of the particle we must take intofor & given set of values ofx, e, i, ., £2,6), where we have
account all the slow varying terms with non-negligible coeffi- 2ssumed .
cientsC; these are the resonant and secular t.erms;eNAS., SN —(p+q)AN + ph =6 = constant (10) 7
s are less than 1 we say that the corresponding term is of order

(ks + ka+ ks + kg). It is possible to simplify the analysis taking and whereR(i, 1) is evaluated numerically, without the use”®
a circular orbit for Neptune with zero inclination, that meansOf a series expansion as(ih). This mean disturbing functionis ’*
en = sy = 0. With this reasonable approximation the numbervalid for a particle that strictly satisfies the condition above buf

of terms involved drop considerably. It is also possible to takeve will consider it representative also for a SDO with a slow’
into account inR the terms due to all major planets. time evolution of the critical angle, at least during the period
The secular terms are those not depending oor Ay and,  ©of time in which the integra(9) is calculated. We repeat for 81

in general, ag-order resonancép + ¢|:|p| occurs when the @ series of values dof between(0, 2) obtaining a numerical
general critical angle representation oR(6). By its way this function give us a nu- %
merical representation of the resonant disturbing function. Wé

0 =—(p+q@AIN+ pr+jsoN+ jaw + js2n+ jes2  (4)  call DR to the maximum relative variation &(6): 8
86

72
73

librates or have a slow time evolution. Due to the small time Rmax(0) — Rmin(6) 87
o ! . DR= (11)
variation of the angleswy, @, 2N, £2) this occurs approxi- (R) 68
mately for being (R) the mean value oR with respect tod. The func- 89
—(p+q)An + p) =6 ~ constant (5) tiqr) DR depends offe, it ) and is a kind ofsensihility to the 90

o _ critical angle because it measures the effectd oh the dis- 9!
which is equivalent to turbing function. If DR~ 0 we haveR almost independent of 92
n  p+gq the critical angle and the coefficients from (2) will be van- 93
P = T’ (6) ishingly small. Consequently it can be taken as an indicator &f

the strength and the dynamical effects on the particles evolving
near that resonance. For low-eccentricity and low-inclinatio#s
1 a ( p )2/3 orbits DR should follow the functioe?. o7

where then’s are the mean motions. Then

= P+q (7 As an example we show &lig. 2 the results for the 10th- 98
order resonance 1:11 for two inclinations and for the case

The integerp is known as the degree of the resonance and wg, — go_ For comparison is showed the trend of the functigh 100
follow the notation that takep < O for exterior resonances \hich represents the leader term in the expansion of the rast
and p > 0 for interior resonances. Atig. 1 we show the ap-  gnant disturbing function for low-inclination orbits. The trendo2
proximate localization of the exterior resonances with Neptungs pr follows very well the functiore2® for low-inclination 103
deduced from the formuld). For example, assuming that Nep- orbjts but big discrepancies show up for high-inclination onesos
tune is the only perturbing planet and being in a circular orbitrhjs is due to the relative weight of the resonant terms depents
with zero inclination it is possible to show that the disturbinging on; that show up at non-zero inclinations. It is evident thatos
function has only 6 terms with coefficients of order 10 corre-jy gpjte of the order of the resonance for high eccentricities ther
sponding to the resonance 1:11 (where- —11 andg = 10).  strength grows considerably. It is also clear the strength in gerss
The 6 associated critical angles are defined from eral is greater for high-inclination orbits, except at very highoo
; . eccentricities. 110

9= ()”N — 1L+ 10-2))w +2j2) () This procedure is applied to the resonances of the type 1:111
with j =0, ..., 5. For low-inclination orbits we generally con- which are the lowest-order resonances that a SDO find when
sider onlyog but for high-inclination orbits the other’s be-  diffusing outwards. The results are shownFag. 3 for low- 113
come relevant, this will be evident along this work. In this casenclination orbits and aFig. 4 for high-inclination orbits. We 114

o an
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the functionel©, the leader term in the expansion of the resonant disturbing function for the a@® which approximately follows the trend for low-inclination 80

orbits.
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Fig. 3. The strength DR as a function of the eccentricity of the SDO'’s for low-inclinatien®) resonant orbits of the type A= DR follows very approximately
the trend of the functions? beingg the order of the resonance. Case- 0°.

1:20 !

excluded orbits with perihelion distances less than 31 AU in or-

We note that the object 2000 G has a barycentric semi-
der to avoid the strong perturbations by Neptune. To have amajor axis,a ~ 221 AU, near the 1:20 resonancey.fo ~

81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107

idea of the necessary strength for a resonance to subsist in tB82 AU). If this object were located in that resonance, takings

outer Solar System we have calculated DR for the known candinto account its eccentricity (~ 0.8), inclination { ~ 22°), and
dates to Twotinog¢Chiang et al., 2003pbtaining DR> 0.5 for
all cases. Values of DR less than 10 for example, certainly

109

argument of periheliond ~ 317), the corresponding value 110

for the strength of the resonance would be BR.076 which

111

cannot produce large dynamical effects, that means, locking iwe consider is high enough for a resonance to show up im
resonance. On the other hand, high values for DR only producine SD. There are other resonances near the semi-major axis
significant dynamical effects when the critical angle librates. of this object although of very high order like, for examplet14
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79
80

az:39 > 218 AU. In spite of being of very high order this reso- have numerically integrated the system composed by the Sle]
nance is also strong (DR 0.057) but with a nominal value of Neptune and some particles at the 1:11 resonance and looked
ap.39 more separated from 221 thanyo. In other words, taking ~ for the evolution of the critical angles;. Then we repeated ,
into account the strength of the resonances near the semi-majitie experiments including Uranus. We found that orbits with,
axis of 2000 CRos and the difficulties in the orbital determina- e < 0.2 never resonate due, probably, to the vanishingly small
tion of this kind of objects it would not be surprising that this resonant potential compared with the short-period perturbatiogs
object were captured in the resonance 1:20. produced by Neptune. Orbits with> 0.3 can evolve in reso- g
Looking atFigs. 3 and 4wve find, as a general rule, that for nance and for higher eccentricities and inclinations we obtainggl
higher eccentricities we expect stronger dynamical effects. Thigore critical angless; librating, but when including Uranus
is a confirmation of that we could deduce looking at the expanenly some high-inclination orbits remains locked in the resay,
sion of the disturbing function where the leader resonant termgance (se€igs. 5 and i Then, for a given eccentricity and due,,
are proportional t@?. Then it is possible that high-order reso- to short-period planetary perturbations, high-inclination resqs
nances show up in the SD when thgrows enough. Another nant orbits have more chances of surviving with respect to thg
interesting result, as we have already pointed out, is that highelow-inclination ones. o5
inclination resonant orbits should produce stronger resonant ef- In the next sections we will investigate which terms of thg,
fects, that means high-inclination orbits could be sustained igxpansion of the disturbing function for a resonant SDO arg
resonance with smaller eccentricities than low-inclination or+elevant for the dynamical evolution, how that evolution coulds
bits. It is interesting to note tha&thambers (1997 a different  be and why the KR appears. We will focus on the specific 1.1}
framework concluded that librations will be more prevalent inhigh-order MMR but the reasoning can be generalized to othgy,

comets with highly inclined orbits. We do not analyze here thehigh-order resonances. 101
stability of this kind of orbits but we find the resonant effects 102
should be more evident for high-inclination orbits. This is in 3. Secular dynamics near theresonance 1:11 103
agreement witlRobutel and Laskar (200iyhere it is showed 104
that high-inclination resonant orbits in the region< 90 AU Looking carefully at expressiofl) of the original expansion 105
have a diffusive process more evident than low-inclination reswe will find several terms depending anTaking into account 106
onant orbits. we are studying a far object with an orbital period 11 times the7

All this indicate that mixed MMR with Neptune involving orbital period of Neptune we can doubt if all the arguments 108
(e, 1) should have an important role in the scattered disk. But t@lepending on. are quick varying variables. By semi-analytical:o9
invoke a high-inclination high-perihelion population capturedmethods or direct numerical integration it is possible to obtairto
in high-order MMR with Neptune it is necessary to have anthe period of the small amplitude librations of the associated:
idea of the stability of these orbits. In order to show the im-critical angless; for this resonance. The libration period results12
portance of the eccentricity and inclination in the strength ofto be at least an order of magnitude greater (aroufd2® yr) 113
a high-order MMR and to have an idea of the stability wethan the circulation period of (1820 yr), then we can discard 114
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Fig. 5. Librations of a low-inclinationi(~ 2°) resonant orbit witte > 0.5 strongly perturbed by Uranus. The critical angtgsare defined following expressid¢8).
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102

the terms depending an and consider only the resonant and where B, Ci, andDj; are functions otx. We can consider 103

secular terms. _ _ the secular terms due to all four giant planets but this doé%

~As we are analyzing a 10th-order resonance we will connot introduce notable qualitative changes in the dynamical evf®

sider the secular terms of the EM expansion of the disturbingsion, Secular resonances do not occur at this far region &°
fu,nct|on fora SDO due to Neptune up to order 10 which due Yhe Solar System because the rates of change of the node and
D’Alembert rules results: . . . : . 108
perihelion of the particle are very low in comparison with the,

10 10 09

; ~ ding values for the planets (or more properly: in com;,

Rsec= Bix(a)els* + coq2w — 282 Cir(a)e’s* correspon. : 10
see jéo #(@) s ) /22 (@) parison with the fundamental frequencies of the Solar System),

’ 1 B This justify the elimination of the secular terms involviagy 112
+cosdw —4R2) Y Djr@)elsk, (12) andn. 13

k=4 It is also possible to evaluate numericallyecby means of 114
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Fig. 7. Comparison between the EM analytical expansion and numerical computation of the exact secular disturbing function (crosses) usimg(EXpress

evaluated at = 39.8°, w = 57.3° and takingG = mn = 1. 8

81

1 2 The quick circulation ofw is a guarantee that the sign of#82

Rsec= 7 / / R(An, A) dindh, (13)  the temporal derivativegl4) switches time to time avoiding 83
00 an uncontrolled growing of eccentricities and inclinations. Tha#

where). andi.y are now independent so the conditid®)does ~ 9uarantee can be missedaif~ 0 and if the f/'s and g's are
not apply.Fig. 7 compareRsede, i =~ 40°, w =~ 57°) from (12) not vanishingly small (KR). In order to identify initial condi- 8¢
with a numerical evaluation fr(;r(ﬂ3) which do not use any tions conducing to evolutions with high variationsdrandi &

series expansion. It is known that this kind of expansion di-® 900d starting point will be to investigate wheém~ 0. Itis 98

verges fore > 0.66 (Ferraz-Mello, 1994and near that limit the ~known that beyond Neptune this situation only occurs for verz
convergence is slowly reached, that means, it is necessary figh-inclination orbit§Thomas and Morbidelli, 1996)
consider more and more terms. We made an analysis of the rates of changesof2, and 9!

We checked the EM expansion secular a2 with the nu- @ for a SDO’s witha = ar11 but considering or_1|y the secglar 92
merical integratior{13) and it represents well the exact secular!€1Ms due to the perturbations of the four major planets in tre

disturbing function at least in the range< 0.6,i < 70°). Then disturbing function. We solved numerically the system of La%4

we consider it appropriate for a secular non-resonant model if"ange’s planetary equations including the equations given by
this region. (14) obtaining the time evolution af, i, =, £2 with initial con- 9

ditions in the region{ < 0.6,i < 70°). 97
We foundar > 0 for i < 45° and@ < O for higher incli- 98
nations. On the other hand, we hag < 0 in all range of 9
We are interested in the determination of the circumstancef§clinations and eccentricities studied. Aig. 8 we show|a| 100
that allow for the KM with significative changes in eccentricity In 9rey scale calculated from the Lagrange’s planetary equé*
and inclination. The Lagrange’s secular equations égddand ~ tions. Almost null values are showed as black regions. Thisz

3.1. Kozai mechanism for non-resonant orbits

di /dr using(12) are expressions of the form figure shows very slight variations according to the initial val103

ues adopted fow. The Kozai resonance appears around the+4

d(e, i) . - i D~ i i igh- 105
= (f2, £2) SINQ2w) + (fa, g4) SiN(4w), (14)  region wherew ~ 0 and that situation only occurs for high

dt inclination orbits { ~ 63°, also known agritical inclination) 106

where the coefficientg; andg; are functions depending @n beingw > 0 fori < 63° andw < 0 otherwise Kuchner et al. 107
e, i. A particle evolving this way will show the KM character- (2002)found the same result but for high-inclination classicaios
ized by coupled evolution ia, i, » maintaining the parameter KBOs. 109
H =+/1- e2cosi as a constant of motion. This can be shown At Fig. 9we show an example of an hypothetical SDO with.10
writing dH /dr as function of d/dr and d/dr and then substi- a = a1.11 that was obtained integrating numerically the La<11
tuting with the corresponding planetary equationsda@nd;. grange’s planetary equations considering only the secular terms
Taking into account that Rse/d + d Rsec/ 052 = 0 we obtain  of the disturbing function for all the major planets. At this hight13
dH/dr = 0. inclination the coefficienty’s andg’s are greater than at low 114
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1 701 equations of motion finding a similar behavior than the dess
2 scribed here. 59
3 60l Then from this analysis we conclude that for typical incli-6o
4 nations in the scattered disk and considering only the secukar
5 perturbations we cannot expect nothing but a constant tinae
6 501 evolution of w, £, andw, providing by that way very low 63
T amplitude oscillations ire andi. In the next section we will 64
8 9 40l investigate the more interesting dynamical effects generated &y
CI the resonant terms. 66
10 5 67
11 E) 307 4. Long-term evolution inside the resonance 1:11 68
12 - 69
13 20l From the EM expansion it is possible to show that assume
14 ing circular- and zero-inclination orbit for Neptune the principal:
15 terms of the resonance 1:11 are: 72
16 10¢ 5 73
17 Rres= Y Agj(@)e*® % 5% cogo)). (15) ™
18 ol ‘ ‘ ‘ ‘ | | j:O 75
iz 0 0.1 0.2 0.3 0.4 0.5 0-6  whereo; is given by(8) and theA,; are functions depend- :

eccentricity ing only ona being the first three terms the most important,

Fig. 8. Values for|w| in gray scale from the Lagrange’s planetary equations ones.Az is of an order of magnitude greater thdg and A4
considering only the secular terms given Byec from Eq. (12) for an hypo-  but considering they are multiplied %2/ 52/ it results that 80
thetical SDO witha = ay.11. Black regions correspond t ~ 0. The region  the two first terms ( = 0, 1) are the most important being of .|
belowi ~ 63° corresponds té > 0 and for higher inclinations < 0. the same order for non-negligible inclinations. These 6 resonapt
terms are all 10th-order on the small parametessand are the
inclination contributing even more tadd: and d/dr. Note the  most important terms corresponding to the resonance becayse
constancy ofd which reflects not other thing than the precision the next ones following in the expansion of the disturbing func;,
of the numerical solution. tion are of order 14th. One must take care of working insidg
By this way we calculated the orbital evolution for severalthe convergence domain of the resonant part of the expansiqn,
SDOs with different initiak, i and we confirm that at very high which is the case using the EM expansion provided 0.66
inclinations the KR dominates the evolution, but for low incli- as we have mentioned earlier. Also, if we are planing to use the
nations the smallness gf's and g's and the relatively quick 10th-order expressigid5)we should work well under that limit %
variation ofw produces no more than very small amplitude os-because of the slowness of the convergence of the series. This
cillations of e, i. As we explain in the next section we also series truncated at 10th order, for example, fails in reprodugz—
investigated the secular evolution in the region of higher ecing the asymmetric librations characteristics of the resonancgs
centricities by means of the numerical integration of the fullof the type 1N (Beaugé, 1994that for the resonance 1:11 we
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found they appear far > 0.5, then we cannot use it to resolve  As we are interested in SDO’s showing some evolution i
the corresponding Lagrange’s planetary equations for such ea-this imply ¢ < 36 ande > 0.76 for the resonance 1:11. Thense
centricities. It would be necessary to take higher harmonics inve cannot use these expressions to resolve the Lagrange’s pkan-
order to obtain the correct asymmetric librations. etary equations so, to explore the high-eccentricity orbits, we
For low eccentricities the expressig@hb) is valid and the  will move to numerical integrations of the full equations ofs2
equations for d/dr and d/dr considering only resonant terms motion. Anyway, in our qualitative analysis of the obtained nus3

in the disturbing function are expressions of the form: merical solutions we will use the expressi¢hs) and (18asan 64
5 approximate description of the terms affectingdt and d /d¢. 65
d(e, i) VAP The existence of the resonant terms breaks the constancysof
dr g(fj &)sine. @8 4 but maintain o7
- 68
where thef]f andg} are functions depending di, e, i). The ﬁ(H _ @ +q)) = constant (19) 6o
p

Lagrange’s planetary equations for the resonant case are sub- 70
stantially more complicated than the secular case (see, for ex&éomes, 1997)Then, the librations imposed toby the reso- 71

ample, Murray and Dermott (1999, p. 252)The system is nant terms will produce small amplitude oscillationsin 72
completed with the equations for the other elements and we 73
can solve it numerically. We can obtain different solutions from4.1. KM for high-eccentricity resonant orbits 74
different initial conditions and we can also generate different 75
families of solutions from the different terms (f5). This pro- We performed a series of numerical integrations of SDOs af$

cedure would allow us to have an idea of the relevance and thtaem with initiala = 14908 AU,e =0.7,i =20°, 0w = 90° and 77
effect of each term in the resonant motion. From the severakith initial conditions corresponding for orbits from outside thess
numeric experiments we performed we can advance that thesonance to the deep resonance. The only perturbing planet
resonant terms depending eg andoz are the main responsi- considered was Neptune and it was assumed in circular- apd

ble of significative changes in i. zero-inclination orbit with initiab.y = 304.3°. 81

The corresponding equations for the complete (secular plus 82
resonant) evolution ofafds and d /dr are combinations of ex- 4.1.1. Outside the resonance: circulation of og 83
pressions similar t¢14) and (16) Fig. 10corresponds to a SDO which evolves outside the res:
de _ _ onance with circulation of all the critical angles. The argumensg
@ f2sin(2w) + fasin(4w) + - -+ + fysin(oo) of the perihelion circulates witd > 0 as expected from our ss

secular study extrapolating > 0.6. It is a typical secular sz
evolution without significative changesdni. The quick circu- gs
lation of all theo; produces no net effect on Eq4.7) and (18) &9
and only the more slow evolution @ introduces the long- oo
+ gy sin(oy) +---. (18)  period small amplitude coupled oscillations&fi trough the o1

+ fisin(oy) + - - -, (17)

di . . -
d_; = g2SIN(2w) + g4 SiN(4w) + - - - + g4 SiN(o0)

360

Gy
[e ]
o

)
2]
o

a(AU)

0 50 100 150 200 250 300 350 400 450 500
time (Myr)

Fig. 10. A numerical integration of the full equations of motion for a SDO evolving outside but near the resonance 1:11. For this inclination theeétis p¥L3
producing small amplitude librations ef i. Neptune was taken witty = iy = 0. 114
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Fig. 11. A numerical integration of the full equations of motion for a SDO evolving in the shallow resonance with external high amplitude libragombese
librations are around a center locatedgt= 180° and wrap the asymmetric librations around centers locateg at90° andog ~ 270°. The evolution is similar
to Fig. 10plus a short-period oscillation efand H due to the resonant terms. 79

small amplitude secular terms lik&, fa, g2, ga. The KM is  In this case the variations ia, i are modest in comparison 81
present producing the coupled evolution(efi, ) maintain-  with Fig. 12 All this suggests that terms likg; sin(c1) and 82

ing constant the parametéf. g7 sin(o1) (i.e., the terms depending @n = oo — 2w) are the &

responsible for the different behavior betwdggs. 12 and 13 8
4.1.2. Shallow resonance: external high amplitude libration as we will explain below. 85
of og Note that inFigs. 11-13%he resonance is showed by mean§®

Fig. 11corresponds to a SDO evolving with very high ampli- of the librations ofz andog, however, the oscillations efand 87
tude librations obyg. These librations are exterior to the region i over a libration period ofg are very small. If we use the EM 88
covered by the smaller amplitude asymmetric librations in axpansion for estimating the resonant terms that appdamin 8°
similar way as a horseshoe trajectory wraps the tadpoles in thend (18)we find they are 2 orders of magnitude greater than tHé
case of trojans. Also, as in the previous caseslowly circu-  secular ones but evidently they are not big enough to produge
lates. The critical angles; with j > 0 show the same behavior an important oscillation o, i after a libration period as can 92
thanog but with an associated drift that increaseg &screases. be clearly seen in all the figures. We remark: the secular terrfis
The drift is clearly due to the evolution af, that is easily ex- are not relevant compared with the resonant ones, and these fast
plained because; = oo — 2jw. Again, no drastic changes in ones have no enough importance to produce large librations9n
e, i are obtained which we attribute to the quasi-circulation ofe, i. Why then we do see the long term high amplitude varig

all critical angles. The resonance produces very small amplitions ine, i ? 97
tude oscillations ire anda and the associated oscillationsAh This apparent contradiction is explained looking for examples
given by Eq.(19). at the libration center of1 which is not fixed but slowly mi- 99
grates or switches between different values. Sometimes, for eége
4.1.3. Deep resonance: internal asymmetric libration of og ample whernv librates around Oor 180, terms likef; sin(oy) 101

Fig. 12 corresponds to a SDO evolving with small ampli- do not contribute to &/dr and the eccentricity will be near a 102
tude librations of the principal critical angtg) and important maximum or minimum. On the other hand, whenlibrates 103
associated variationae, Ai due of the KR. Time to time the around 90 or 270 those terms contribute sustainedly makingo4
librations switch between both libration centers. The critical anthe eccentricity to change substantially. The contribution givens
gleso; also librate with the associated drift in their libration by the terms depending on the critical anggeare not the most 106
centers due to the oscillations @f We also confirmed that the important ones for the variations oé tir and d/dr and thisis 107
libration period is the same for all the's which is due to the showed afFig. 13were the time evolution of, i is linked to 108

fact thats; = 69 — 2jw and|w| < |6o|. the libration center 0b1. As o1 = og — 2w it results that the 109
Finally, Fig. 13 corresponds to a SDO evolving with very evolution of the libration center af; is determined by the time 110
small amplitude librations of the principal critical angigbut  evolution ofw. 111

in this casew is circulating. Consequently, the other critical an-  Whenog andw librate the time evolution of, i become the 112
gles also librate with the associated drift due to the circulatiormost drastic because all the quasi-constant contribution from &t
of w producing a net slow circulation of the libration centers.the resonant terms act together. This correspondsmigthl2 114
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Fig. 12. A numerical integration of the full equations of motion for a SDO evolving in the deep resonance with all critical angles librating. Tiperiskort- ;4

oscillations due to the resonant terms have very small amplitude but there is a long-term high amplitude trend due to the KR.
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Fig. 13. A numerical integration of the full equations of motion for a SDO evolving in the deep resonance with very small amplitude libsgtiout afrculation 101

of the others ;. The KM produces modest long-term oscillationsof.

See inclusive how the sign okddr and d/dr changes when
the libration center ob; switches between-90° and ~270°
accordingly with the change of sign of &ir}). The evolution
of ¢, i is modulated by the libration center 6f which is de-
termined by the evolution ab. This extreme case with adi;

102

103
brations around 90and 270 with associated librations @b 104
do. When we consider the actual eccentricity and inclination abs
Neptune’s orbit the\e, Ai obtained are something greater dueos
to the associated forced modes due to Neptune. Another interr
esting point is that the libration amplitude of the grow for 108

librating occurs whew librate (KR) and now this is possible at lower eccentricities allowing switching between libration cenzoo
i < 63 due to the effects of the resonant terms in the time evoters and eventually breaking the resonant motion. 110

lution of w which is defined by an equation analogoug18).

An alternative way to see the KR inside a mean motion res:1

This is consistent with the Figs. 12-14@bmes et al. (2005) onance is located at different inclination and has a stronger

where the exterior high amplitude librations around °1&8@e
not associated with significative changeseini whereas li-

strength is the following. Write; asog — 2w in (17) and (18) 113
and expand sifr1) as: sifog) c0Y2w) — c0Yop) SiN(2w). Then 114
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average(17) and (18)over a libration period oby. It is ev- behavior should be the rule for SDOs with Pluto-like o8
ident thatf coS(og) dog # 0, where§ represents the integral greater inclinations captured in MMR. 59
over a libration cycle, and thaf sin(og) do is also non-zero 60
in case of asymmetric librations. Thus the averaged equations Taking all this into account a possible evolutive path for &t
(17) and (18kontain terms proportional tff), f;, g, g7 unlike  SDO can be summarized as follows: 62
the secular equationd4). As said before, the primed coeffi- 63

cients are larger than the non-primed coefficiehtndg. Thus 1. According ta~ernandez et al. (2004he SDO experiments 64
the equations describing the KR in a mean motion resonance a stochastic evolution in maintaining the perihelion dis- es
are significantly different from those applicable to the purely  tance 31< g < 36 AU and with stochastic evolution for 66
secular case. This explains why the KR appears at a differen2. Asa grows, necessarily grows and also the strength DR 67
inclination, and its strength is in general stronger than outside a  of the resonances near If the associated critical angles ss

mean motion resonance. circulate those resonant terms does not show up. 69
3. Whena reaches someyes (and specially whema >~ a.y) 70
5. Discussion and conclusions the critical angles start to librate and the SDO can be locked

in MMR. We calculated the parameter DR for the captureg
The secular equations excluding resonant terms provide the showed byGomes et al. (20053nd in general they corre- 73

possibility of the Kozai resonance with relevant changesAi spond to DR> 0.01, it seems that for a lesser strength of4
for a SDO but only for very high-inclination orbits ¢ 63°, the the resonance the possibility of being locked in resonance
critical inclination). The KR for lower inclination orbits is ob- in the real outer Solar System drops significantly. All reso#s

tained only when considering the full equations of motion for ~ nances of the kind N we have studied here for orbits with 77
a resonant case and we have provided arguments that indicate 31< ¢ < 36 AU satisfy this conditions, then the capture irve

that the resonant mixed i terms are responsible for such be- resonances of the typeN:should not be surprising. 79
havior. 4. If thei is Pluto-like or greater, mixe¢k, i) resonant terms 8o
The strong changes i i that we observe inside the reso- dominate the evolution and the KR appears allowing bigt

nance are not due to the effects of the secular terms directly but correlatedAe, Ai and the SDO is injected at least tem-s2
to the resonant ones and more specifically due to the oscilla-  porarily in timescales of 8-1¢° yr in a high-perihelion 83

tions of the libration center af; generated by the oscillations high-inclination high-order MMR. By this way the object &4
of w (KR). That is why the KR is linked to MMR. That is why contributes to maintain a long-lived population of HPS=s5
Gomes et al. (2005)ound captures in the KR almost imme- DOs(Gomes et al., 2005)rajectories in the spade, i, w) 86

diately that an object is captured in asymmetric librations for  due to the KM do not follow a constant value for DR be-s7
those orbits having Pluto-like or greater inclinations, whichisa  ing smaller for the lower values ef That means it would es
condition for the mixed:, i resonant term to show up and for be possible that due to the planetary perturbations, pertee-

the KR to be installed. bations by agents external to the Solar System or other

With respect to the mechanism of trapping into the MMR,  mechanisms like planetary migration the resonance broke
looking at examples presented Bpmes et al. (2005)e can at high-perihelion high and freezing the SDO in a region 92
conclude that the SDO first is captured in exterior librations  with a very long lifetime. 93
by stochastic evolution i when evolving to the Oort cloud. 94
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